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Equations andrgoals

2 2
820 — (’?1(?@"))2 + 4k — m?)(1+ @)) Do = F(t, 0,0,0)

where the nonlinear source terms are

2 1 4 (9r0)?
F(t.0,000) = Jo(1+0) —30k0 +7( +0)
~——

31+p

(i) self-increasing (ii) damping  (jii) Riccati

+ sz—i—Mfé—mQ)(l—i— ) ) q'0;0 —XY0; 00
(1+Q)2 IQ q IQ IzQ jIQ'

—~
(iv) convection

Olt=t, = B+ l/J(Xk) and  0:0i=t, = o + l/JO(Xk), in {to} x R",

@ (Goal) Find self-increasing blowup solutions.

@ (Result) The solution blows up at the future end points of null
geodesics and reaches arbitrarily large provided the data perturbations
are sufficiently small (long wave feature!).
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

After time transform t — In t, the equation becomes:

2 (3tQ) ig.
ﬁg(l—i-g) —(9,_» 3 1+ o +99'0i0

070 — 9"0:0j0 =
1 . . * n
- t_2KU(t7 0, aug)algajg) In [t07 t ) x R )

oli—tg = B+1(x*) and  Beole—t, = Bo + to(x*), in {to} x R,

where

p e p 0,0)2 14 i
9" =g"(t.0.0c0) = g(t, 0,00)0" = (mz% +4(k —m?) tzg>51-

@ Now focus on this equation!! A time transform t — e’ leads back to
the previous equation.
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This talk was given before the article's release, so some statements and notations

Ass;um@ﬂté;OMwﬁ@q’fisémqasiiifﬁicat~iaﬁst>we core ideas remain consistent.

o m? <k, B€(0,+00), By € (0,+0), to € (0,+00). 1 € C3(R") and
Yo € C}(R™) are given positive-valued functions with suppy) = B1(0)
and supptyg = B1(0). K;j; be analytic functions in all their variables;

@ The direction of convection to be a constant direction and it can be
normalized q' = |q|d] and |q| € (3,100);

o/i:%.
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This talk was given before the article's release, so some statements and notations

Mamyﬁhemﬁeﬁhe final version. However, the core ideas remain consistent.

t
Sol. unknown domain

Charted/Uncharted bdry T / T\K

Inhomog. sol. dom. Z

Char. coniod C

I:"/Homog. sol. dom. H

|| = oo

|z[ =1

t
x| < 1+/ alys f(y), fn(y))dy},
o
x| > 1+ / N f<y>,fo(y)>dy},
to
t
(t,%) € [to, tm) X B" | |x| = 1 +/t e f(y),fo(y))dy}.
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g ;:{(r,x) € [to, tm) X R"

H

{(t,x) € [to, tm) x R"
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Main. I heorem

Suppose k € Zg+3, A€ (0,2), A, B, C, D are constants depending on the
initial data 8 and S, and Assumptions hold. Let ¥ € C3(R") and

Yo € C3(R") be given functions with supp(%, 1) = B1(0), f(t) be the
solution to key reference ODE.

Then there exist sufficiently small constants o, > 0 and d, > 0, such that
if the initial data satisfy

_153
10l (1 (0)) + 10Nl (1 (0)) + %0l B (0)) < € %0 0%,

for any og € (0,0,) and dp € (0,0,), then there exists a spacelike
hypersurface t = T(x, dp) to the metric g satisfying

S5, = {(t,x) € [to, tm) x R" | t = T(x,00)} C I, (adi, 80) = tm

lim ¥
a——+oo

lim %(x,d0) = bt(0) = tpm.
soutp Hxo00) = br(0)

such that there is a solution o € C?(K U #) to the main equation where
K :={(t,x) € [to, tm) X R" | t < F(x, o)} satisfying:
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

Main Theorem (conti.)

@ if we denote

sl

2 (\( 1), as x! — 400

L , —13 1 L , 103
1_(x7):=1— Coge %0 e 2 (\y1) and 1.(x7) =1+ Coge %0 e

then there are estimates for (t,x) € X N Y,

1 (Mo (to + 1 (x1)(t — t9)) < eo(t,x) < 11 (x")fy (to + 14-(x")(t — o))

N

X

_ 103 103 1
—Coge %0 e 2 (1+f(tg+1_(x")(t — 1)) < 0i(t,x) < Cope %0 ™ 2 (14 f(tg + 14 (x)(t — 1))

1 (F (b0 + 1 (M)t — t0)) < (t, x) < 14 (xM)F(to + Ly (') (¢ — t0)).

Moreover, gg and g reach the self increasing singularities at py, := (tm, +00,0, - - - ,0):
lim o= lim f = +o0,
K> (t,x)—pm K3 (t,x)—pm
lim 00 = lim fo = +oo and lim i = 0.
K3 (t,x)—>pm K3 (t,x)—>pm K3 (t,x)—>pm

@ o = for (t, x) € # where #
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This talk was given before the article's release, so some statements and notations

may _differ from fhe final version. However, the core ideas remain consistent.
Main Theorem (conti.

@ the growth rate of o can be estimated by

2
o(t, x) >1_(<MF(tg + 1 () (e — 1)) > 1_ (1) (ec(‘O“—(xl)(‘*‘O))3 - 1)

1 1 3 1

o(t, x) <1y (x)f (to + 14(x7)(t — 1)) < 5 A 7 — 1
T _ 2
il 4= 017 ) (t—10) +B(tg + 14 (x)(t — 1)) 3

for all (t,x) € X N J.

@ if the initial data satisfy B = fofp 1 > 0, ¢ has an improved lower bound,

1+f
olt, ) > 1_ (M) (tp + 1 () — 1)) > 1_ (<)) . hall -1
3
(28 (10 +1_ () — 1)) 3 — B)°

for all (t,x¥) € ®x N g.
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This talk was given before the article's release, so some statements and notations

Genw@lvaﬁtfif@ﬂ@m the final version. However, the core ideas remain consistent.

Charted/Uncharted bdry 7

Sol. unknown domain

=

I:’//ﬁlnhomog. éol. dom. Z

Char. cdniod C

Homog. sol. dom. H

]‘x
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may differ from the final version. However, the core ideas remain consistent.

Backgrounds and motivations
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This talk was given before the article's release, so some statements and notations

A Sh@r@fmefrsioﬂefmﬁ t&n@orm@twa‘ti@rpore ideas remain consistent.

@ In order to consider the nonlinear Jeans instability of the
Euler—Poisson system and the Einstein—Euler.

@ A toy model for above system. Neglecting the tidal force and the
shear of the fluids, Euler—Poisson becomes this type of QNLW.

@ Jeans instability characterizes the formation of nonlinear structures in
the universe.
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This talk was given before the article's release, so some statements and notations

ClaS@i,cafi‘ed@am&eima&ﬁiﬁfﬁyﬁ(@t@ti@)wre ideas remain consistent.

Qﬂﬂ *B\GU‘U') =0 _
| [ st
9,m‘+1;53)-0«‘+%2 ¢ =0

f}a‘}‘¢:4zﬁf>
Lt g ,D+f’ 'U‘%-FU ¢ ¢7¢¢ 7;
C%ta.;t- 6

VP{ =0 Owbohicts P”"M,

Gf %7 +/)oa e T
9{1/’ —+ /‘ 21 1/\_ 091 LV 2 _/’.- ~ 3 ~

P 15¢ 02 & /u%_ J)C)‘.QJ.(_4,U§@’,=0

‘Jala,‘ff = 456 F v Gt et

C. Liu (HUST) Jeans-type instabilities



This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.
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This talk was given before the article's release, so some statements and notations

Classicatedeanscinstability {expansion )ieas remain consistent.
M Newtomion [fnverse
{/”4’0&);5,-7# , Vi=Ui= 757 (HO=2 Hdlls faw)
b= ¢ =3
) T A Yy A S

olows
conti& @ Livarizatrn, Bl —Posson

| B 2 @wmmﬁon Grrwvmv,>l/ Foisom €.
ﬂd@‘-z t‘mt'lm*/-yeq

—y | &¢ ﬂH@ - &‘Ja,D C-41G6pe =0

Jeans-type instabilities



This talk was given before the article's release, so some statements and notations
mayf differ from the final verS|0{1. However, the core 1deas remain consistent.
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

Our previous works
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Trynk: Simplernonlinearity and Fuchsian formulations

,2'y+% DIQDIQ (1)

.4 a2 2
+ 00— RtTTIAp— 0= (y— 1)kt :
0 0—K 0= 300 (v—1F 1+o

3t

Theorem

Suppose s € Z>3 and v > 1 are constants and § := g[¢=1 and
Op = (0u0)|¢t=1 (L =0,---,3). Let the initial data of the density satisfies
an estimate

. B

,,/B‘ Go— 2
073

2

+ 18ill s (m3y < Bo, (2)

Hs(T3) + HHS(’]I‘3)

where 0 < 8 < +o0 is any given constant and Sy > 0 is a small enough
constant. Then the solution of equation (1) satisfies

wInNy
wIin

Bl W

Bt

<p<

Bt

=

for every (t, q).
v
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This talk was given before the article's release, so some statements and notations
Me‘hhod'Ser from the final version. However, the core ideas remain consistent.

@ Non-Fourier based method: Fuchsian formulations (energy method)

e Main difficulties:
@ Find a compactified time 7 € [—1,0) for physical time t € [ty, c0) such
that 7 = g(t).
@ Select proper Fuchsian fields (similar define suitable energies)
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Tool:y Fuchsian-formulations (KEYo T OO Lert)

1
B"0,u :?BPU +G in[-1,0) x T",
u =ug on {—1} x T".

Some main assumptions of this system

© P is a constant, symmetric projection operator (Pick up decay
variables by P).

Q 1 ]I <B'<1 é < 7,1 (Give right signs and determine dissipative
efFects)

@ (BY)T =B*, [P,B]=PB-BP=0.

Q@ P1B(t,Ptu)P = PBO(t,PLu)PL =0.

@ |PL[D,B(t,u)(B°) " *BPu]P|op < aft] + B|Pul?.

Qo .. e.g., B, G somehow allows ~ 1/t (extra condition) and

(3,4, 5 gives how the variables coupling to each other), and some
regularity assumptions on the coefficients and remainders. Advantage:
allow suitable coupling of variables.
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TheGlobatckbxistencesiitheorem tof-thetauchy:-problem of
Fuchsian equations

Theorem (Oliynyk, 2016)

Suppose that k > 2 + 1, ug € H*(T") and above conditions are fulfilled.
Then there exists a T, € (—1,0), and a unique classical solution

u € CY([-1, T,] x T") that satisfies

ue Co[-1, T.], H*) n CY([~1, T.], H*~1) and the energy estimate

t
1
luCe) 1 — /1 ~[[Pullfudr < Ce“ I (Jlu(=1)I13)

for all =1 <t < T, where C = C({|ul| o (j_1,7.),H¥), 71, V25 £), and can
be uniquely continued to a larger time interval [To, T*) for all
T* € (T, 0] provided [|u|| oo ([—1,7.),Ww1e0) < 0.

This basic theorem has been generalized to more difficult cases and two
parameter scales problems in the subsequent works by Oliynyk, L., Beyer,
Olvera-Santamaria.
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This talk was given before the article's release, so some statements and notations

Intuitivetoyrmodel ofiCauchy: problem-formFuchsian: system

@ Rough idea: The following ODE dominated behaviors.
Consider an ODE

Oru = gu + (—t)"'PF(t), where 0<p<1,8>0,t¢c[-1,0).

Then
8t(u - /tl guds> — (—t)"HPE(1).

Integrating it yields

‘B
u—/ ;ud55u0+1—(—t)p.
-1

Further solving u leads to optimal decay estimates.

@ The previous Theorem is obtained by adding conditions to make sure
the Fuchsian system behaves like this toy model.
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This talk was given before the article's release, so some statements and notations

Tryn2: «€omposite=nonlinearitiesrbutewithrsynchronizable

sources

c—Hh
1+ o(x*)

Do(e*) + S0r0(x") — o)1+ o(x) -

(Deo(x"))? = KF (1),

Olt=t, = Qo(Xi) >0 and 0:0|t=¢, = éO(Xi) >0,
where 0 := 92 — A, = 92 — g%(t)0,0;,
a>1, 6>0, 1<c¢<3/2
) 209 2 2
gY(t) := m(0:£(1)) A 50 and F(t) := —(8tf(t))

(14 f(1)? 1+ f(t)’
where m € R is a given constant and f(t) solves an ODE,

RF(E) + SO(8) = (L + F(8) = g e () =

f(to) =F>0 and O:f(tg) =F > 0.
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Thesolutions of IQDES(KEY-rTOOL 12)

() + L0 (1) — A+ () - @) =0
f(to)=F >0 and 8.f(tg) = > 0.

Theorem
Q t. €[0,00) exists and t, > to;

@ there is a constant t, € [t., 0], such that there is a unique solution
f € C?([to, tm)) to the ODE, and

tll[?m f(t) =400 and lim fo(t) = +oo.

t—tm

© f satisfies upper and lower bound estimates,

1+ f(t) >exp(0t% —i—Dt_l) for t € (to, tm);
-1

1+f(t)<(At = 1Bt 7 +1) for t € (to, ty).
August 12,2004 2357




PR(t) + S 0uf (1) - %f(t)(l + (1) (0F(£))2 = 0,

<
1+ f(t)
f(to))=F>0 and 8:f(t)) =% > 0.

Theorem
Furthermore, if the initial data satisfies f > @(1 + f)/(to), then
Q t, and t* exist and finite, and ty < t, < t* < o0;

© there is a finite time ty, € [ts, t*), such that there is a solution
f € C?([to, tm)) to the ODE, and

tll>nt1m f(t) = +oo and tlngm fo(t) = +o0.

@ the solution f has improved lower bound estimates, for t € (to, tm),

(1+7)(1-Et§ —I—Etf_‘)l/E <1+ 1(t).

v

Pf: A series of differential inequalitites in the form of 9,G < (>)%G + F.
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This talk was given before the article's release, so some statements and notations

Th@ﬁ&@lifjé}i@ﬂﬁ thofitd eerFdD Bswever, the core ideas remain consistent.

Do() + S 0p0(x) — ol )(L+o(x) 1

—k

1+ o(x

")

(8tQ(

")?

= kF(t),

0le=t, = @(Xi) >0

@ Result: Self-increasing singularities and growth rate in f.
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and  0:0|t=t, = éO(Xi) >0,




This talk was given before the article's release, so some statements and notations

Methodrethe compactifiech timenf KEY.eFQOL Bsistent.

@ Methods: Fuchsian formulations.

@ The compactified time

7= —g(t)=— exp(—A /t wds)

to s2fo(s)
= (1 + BB/ts“_zf(s)(l + f(s))l_“ds)? €[-1,0),
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This talk was given before the article's release, so some statements and notations
Fuch@miﬁefff@)}dfhe final version. However, the core ideas remain consistent.

w(t,x) := o(t,x") — f(t),
wo(t, x) = dew(t, x) = Bro(t, x) — fo(t),
w;(t,x") := Qiw(t, x") = B;0(t, x').

and
u(t, x7) %W(t,x'),
wolt, x') %Wo(t,x),
ui(t,x') =5 +ﬂ;(t)w"(t’ )
then

H(Tvxi) = u(g_l(_T)vxi)7 @(7—7 Xi) = UO(g_l(_T)aXi)
(7, x") = ui(gH(=7),x").

C. Liu (HUST) Jeans-type instabilities August 12, 2024 27 /57



Singular£Regular-m termswsspecial quantitiesrandthiden
relations (KEY TOOL 4)

Define a quantity

2 fo(t) g a(n
(L+ ()P <F()ga(e)  BFEOA+ AR

x(t) =

Then there is a function & € C!([to, tm)), such that for t € [to, tm),

26B
x(t) = 30 T &(t).

where lim;_,;, &(t) = 0. Moreover, there is a constant C, > 0 such that
0 < x(t) < C, in [to, tm), and there are continuous extensions of x and &
such that x € CO([to, tm]) and & € CO([to, tm]) by letting

X(tm) :=26B/(3 —2¢) and &(tp) := 0.
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Define a quantity

§(t) == 1/[g(t)(1 + F(1))],

then & € CY([to, tn)) and
lim &(t) =0.

t—tm

Moreover, there is a constant C, > 0, such that 0 < {(t) < C, for every
t € [to, tm), and there is a continuous extension of & such that

€ € C%[to, tm]) by letting &(tm) := 0.
Remark

x(t) and £(t) help distinguish the singular term %BPu and the regular
term G in the Fuchsian system:

1
B"0,u = -BPu+ G.
T
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This talk was given _oefOfe the ar‘t'\c_\e‘s r‘_e\ease. SO some statements and notations
Tryr3&ii4: Nonlinear-gravitational-instabitities-(playground)

The dimensionless and normalized Euler—Poisson system
dtp + 0i(pv') =0,
RV +v18v +8p +d¢=0,
s +vidis = 0,
Ap = 690;0;¢ = 4mp.
The equation of state becomes
p= Kesp% +p, for K>0.

There is an exact solution on (t,x*) € [t, 00) x R3,

o L3 o _4 o4 o f k 2 i
p(t)zma P(t):Kt 36k[X X 3-|—p, V(t,X ):§X’

o 2 L. 3

d)(taxk) = §7Tﬁ5in’XJ 9_25UX X §(1.',Xk) In (t 35kIX Xl)sgn(l v )

Method: ODE from Key tool 2.
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We construct solutions

L3
o) = (14 F(8)p(t) = L)

6wtz
2O
(t X ) 3tX — mx 7

i 2 5 B4+ F(1))]x|?

o(t,x") = §7rp(1 + f(t))|x]? = ( 9t(2 ) |x| 7
s(t,xk) - |n(t‘%(1 + f)%éklxkxl)g’g”(l_bz’).

and the density contrast o(t) = f(t) where |x|2 := §;;x'x/ and f(t) is a
solution of the following nonlinear ODE,
2 A(f'(t))”
f(t —f’ f(t)(L+f(t)) ——0——F——==0
(6)+ 5570 = 32 O+ A(2) — 311 s =0
f|t:to =B and  flemy =3(1+B).

4
Moreover, the pressure becomes p(t) = —K4
(6m)3t4
@ Result: Self-increasing singularities.
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This talk was given before the article's release, so some statements and notations

Try-3&#4: Nonlinear-gravitational-instabilities-(playground)

The dimensionless and normalized Euler—Poisson system

dep + 9i(pv') =0,

L . o
Ov' + VoV + gp +0'¢=D'(t,x, p, vk, s, o),
p

drs +vidis =8(t, %0, p,vK s, ¢),
A = 599,0;¢ =bmp.

EoS is X
p= Ke’ps for K > 0.

@ & and @ provide the synchronizable source like F.
@ Transform to a type of Try 2;

@ Self-increasing singularities.
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

Eventually, we arrive at

(A ko N, . 2 0 H0:0)?

_ 0.0 — — (1 A 10

Dg9+<3t+1+f> 0= 3200+ 0) = 35
fo

8tl/+ mV8<V

where the wave operator is
Og 1= 07 — g°“0¢ + 29% 0,0,
. 2+ w)(1—3) (14 p)tt B f 2, g%

9t2 (1+F) 91+ f£)2 7

:F17

:G17

_h
3(1+f) 7
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

Emergence of nonlinear Jean-type instabilities for QNLW
1. Main Theorems

C. Liu (HUST) Jeans-type instabilities



Equations andrgoals
2 o 2
820 — (’?1(+t5))2 +4(h —m?)(1 + g)) Ao = F(t,0,0,0)

where the nonlinear source terms are

2 1 4(9,0)2
F(t, Qaa,uQ) = 59(1+9) _gatQ +3(1 f)g

(iii) Riccati

|
(i) self-increasing (ii) damping

+ 17227(8"“@)2 +4(k —m?)(1 4 0) ) q'0;0 —KY 9, 00;
(1+Q)2 IQ q IQ IzQ jIQ'

—~
(iv) convection

Data: g|¢=t, = B+ ¥(x), Orolt=t, = Bo + to(x), in{to} x R",

@ (Goal) Find self-increasing blowup solutions.

@ (Result) The solution blows up at the future end points of null
geodesics and reaches arbitrarily large provided the data perturbations
are sufficiently small (long wave feature!).
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

After time transform t — In t, the equation becomes:

p 2 4 4 (0¢0)?
Oto—g"0i050 = 350(1+0) = 3 0o + 5%

+99'9;0
1 i . « n
— K (t,0,0,0)0;00;0, in [to, t*) x R",
Data: glt=t, = B+ ¥(x), 0Or0lt=t, = Bo + Yo(x), in{to} x R,

where

i i . i 2 (0r0)? nl+o)
9¥ = g%(t,0,0:0) = g(t, 0,0:0)0" = (m mv%(/i—m )= )0

@ Now focus on this equation!! A time transform t — e’ leads back to
the previous equation.
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This talk was given before the article's release, so some statements and notations

Ass;um@ﬂté;OMwﬁ@q’fisémqasiiifﬁicat~iaﬁst>we core ideas remain consistent.

o m? <k, B€(0,+00), By € (0,+0), to € (0,+00). 1 € C3(R") and
Yo € C}(R™) are given positive-valued functions with suppy) = B1(0)
and supptyg = B1(0). K;j; be analytic functions in all their variables;

@ The direction of convection to be a constant direction and it can be
normalized q' = |q|d] and |q| € (3,100);

o/i:%.
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This talk was given before the article's release, so some statements and notations

Mamyﬁhemﬁeﬁhe final version. However, the core ideas remain consistent.

t
Sol. unknown domain

Charted/Uncharted bdry T / T\K

Inhomog. sol. dom. Z

Char. coniod C

I:"/Homog. sol. dom. H

|| = oo

|z[ =1

t
x| < 1+/ alys f(y), fn(y))dy},
o
x| > 1+ / N f<y>,fo(y)>dy},
to
t
(t,%) € [to, tm) X B" | |x| = 1 +/t e f(y),fo(y))dy}.
August 12, 2024

Jeans-type instabilities

g ;:{(r,x) € [to, tm) X R"

H

{(t,x) € [to, tm) x R"
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Main. I heorem

Suppose k € Zg+3, A€ (0,2), A, B, C, D are constants depending on the
initial data 8 and S, and Assumptions hold. Let ¥ € C3(R") and

Yo € C3(R") be given functions with supp(%, 1) = B1(0), f(t) be the
solution to key reference ODE.

Then there exist sufficiently small constants o, > 0 and d, > 0, such that
if the initial data satisfy

_153
10l (1 (0)) + 10Nl (1 (0)) + %0l B (0)) < € %0 0%,

for any og € (0,0,) and dp € (0,0,), then there exists a spacelike
hypersurface t = T(x, dp) to the metric g satisfying

S5, = {(t,x) € [to, tm) x R" | t = T(x,00)} C I, (adi, 80) = tm

lim ¥
a——+oo

lim %(x,d0) = bt(0) = tpm.
soutp Hxo00) = br(0)

such that there is a solution o € C?(K U #) to the main equation where
K :={(t,x) € [to, tm) X R" | t < F(x, o)} satisfying:
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

Main Theorem (conti.)

@ if we denote

sl

2 (\( 1), as x! — 400

L , —13 1 L , 103
1_(x7):=1— Coge %0 e 2 (\y1) and 1.(x7) =1+ Coge %0 e

then there are estimates for (t,x) € X N Y,

1 (Mo (to + 1 (x1)(t — t9)) < eo(t,x) < 11 (x")fy (to + 14-(x")(t — o))

N

X

_ 103 103 1
—Coge %0 e 2 (1+f(tg+1_(x")(t — 1)) < 0i(t,x) < Cope %0 ™ 2 (14 f(tg + 14 (x)(t — 1))

1 (F (b0 + 1 (M)t — t0)) < (t, x) < 14 (xM)F(to + Ly (') (¢ — t0)).

Moreover, gg and g reach the self increasing singularities at py, := (tm, +00,0, - - - ,0):
lim o= lim f = +o0,
K> (t,x)—pm K3 (t,x)—pm
lim 00 = lim fo = +oo and lim i = 0.
K3 (t,x)—>pm K3 (t,x)—>pm K3 (t,x)—>pm

@ o = for (t, x) € # where #
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This talk was given before the article's release, so some statements and notations

may _differ from fhe final version. However, the core ideas remain consistent.
Main Theorem (conti.

@ the growth rate of o can be estimated by

2
o(t, x) >1_(<MF(tg + 1 () (e — 1)) > 1_ (1) (ec(‘O“—(xl)(‘*‘O))3 - 1)

and
1 1 8 1
o(t, x) <1y (x)f (to + 14(x7)(t — 1)) < 5 A 7 — 1
1 - 3
1+ oL GD(—t0) +B(to + L4+ (x})(t — to))
for all (t,x) € X N J.
@ if the initial data satisfy B = % — 1 > 0, o has an improved lower bound,
1+f
ot x) > 1 (<Nf (to + 1= (x)(t — 19)) > 1_(x1) 2 -1
Bot3 _1 <\ 3
(5% (t0 +1- (<)t — 10)) "3 — B)

for all (t,x¥) € ®x N g.
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This talk was given before the article's release, so some statements and notations
Genw@lvaﬁtﬂf@ﬂ@m the final version. However, the core ideas remain consistent.

Charted/Uncharted bdry 7 Sol. unknown domain

Char. cdniod C

I:’//ﬁlnhomog. éol. dom. Z

Homog. sol. dom. H

=

"> T
2| = oo
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

Emergence of nonlinear Jean-type instabilities for QNLW
2. lIdeas of the proofs
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|deasyvand: Fuchsran direction

@ Basic direction: the Fuchsian method!

@ Require time compactifications. How?
Idea: Intro. a compactified time like “Try 2"7
Difficulty: Fail! Since there is no synchronized term (synchronizing
source term synchronize the blowup time to 0), and it is high possible
that the solution blows up at different time (if it blows up!). The
compactified time works only if the blow up time can be synchronized
and the perturbations do not change the blowup times (if blwoup at
infinity, it may still work)
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Compactifred time

@ Overcome diff.: Intro. two compactified time:
(1) for the reference solution (sol. to ref. ODE), use “try 2"
compactified time;

_3A

t 34
=gt =—(1+ §B/ sTH(s)(1 + () Fas) 7 € [-1,0).
to

It synchronizes the blowup time of the reference solution. However,
the perturbations may not blowup at this time, blowup time may
deviate it.

@ In order to be comparable (this may not hold!), we intro the
compactified time analogue to this

3A

r=g(t,x) = —(1+§B/tts—ig(s,x")(1+g(s,x"))—éds)_ 2 €[-1,0

@ Wrong compactified time leads wrong structures and fails. It is
crucial how to choose it. Need guess and experiments!
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ODE:equivalencerof-the compactification

The compacitified time can be reexpressed in terms of two ODEs:

ABo(t,x') (—g(t,x')) %t

o) = e e+ 1)

9

W=

g(to,Xi) =—1.

and

FO)(F() +1)  ABF(t)(—a(t)* 3

WO ==A0 k0 T B )]

g(to) =—1.

@ The coordinate transform requires the knowing of Jacobians, these
ODEs provide the Jacobian and determines how the coordinate
transform develops.

@ They provide some hiden identities.
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T he firstecoordinatestransform

We express the main equation to a singular hyperbolic system (1st order)
in terms of (7, () given by

r=g(t,x") and (¢ =x'
Its inverse transformation denote
t=b(r,¢') and x' =
and satisfies a ODE (Why? Since it is Fuchsianable)
bt ) HCO e
b(~1,¢") =ty

@ We do not give the coordinate transform directly but give it by an evolution

equation (similar to the wave coordinates, perturbed Lagrangian
coordinates, etc.)

@ b and b¢ := J¢b become unknown variables since they describe the

coordinate transform and this transform has been solved from an equation.
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This talk was given before the article's release, so some statements and notations

Singaxlarfsymm@tm'@ vhyperbﬁdm S}és_teenmeas remain consistent.

k)
e Intro. perturbation variables: e.g. u(r,(k) = w

@ Using a lot of hiden relations derived from the reference ODE and the
quantities x and £ in “try 2" we can have a singular symmetric
hyperbolic equation (similar to “try 2").

o Comparing with “Try 2", this method has already lead to the
Fuchsian system and it is done! However, now it can not be achieved.
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Lenwﬁ\édiffer from the final version. However, the core ideas remain consistent.
A%, U+ A9 U = AU +F
4 Ar ST T Ar ’

where U := (u07 uj, uv@lvz) Tr F= ('Suav'guj';%u;%@/agz)-rr

1 R 0 0 0 0 Hi 0 0 0
B (S+2)8 0 0 0 ~|H, 0 00 0
A=1| o 0 2 0 0f, AA=|0 0 00 O
0 0 0 4 0 0 0 00 O
0 0 0 0 1 0 0 0 0 ¢
—R 4+ 2 4+ 2, 8+ s 0 -8+ 25
0 (4k + 222)0), 0 (24K + Z54)0), 0
A=| -8+ 25 0 %-l—ffﬁ 0 —16 + Z35
0 (3 + Za2)dL 0 (3 + Zaa)0L 0
0 0 0 0 0

Difficulty: A can not be positive definite whatever you do!
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This talk was given before the article's release, so some statements and notations
TW@aV@W&(MWSthe final version. However, the core ideas remain consistent.

(1) The second coordinate transform: the tilted coordinate
F=#(r¢)=7 and {'={(r.¢")="In(-7)+(,

e Motivations: Expand the “null infinity” (not precisely) and upright a
timelike direction (close to null) to be the time axis. since our
analysis can only work in this “closed to null” domain.

o From the equation point of view, (1) generate more terms in LA’
and will help compensate 4 . —A to achieve the positive definiteness.

@ From the geometric point of view, they tilt the characteristic conoid
and expand the “near-null” domain.
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

. ai N Coord. line ¢ = 0, 7 axis
Uncharted domain Coord. line & = 0, 7 axis

=0 (%) F=0

]
Ji

= e T

\/

. st

_ 3
N F=—et
(#,€) cord. expfinds this infinity

Char. surface Char. surface

Char._surface

Lid hypersurface s,
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) 01153
(2) rescale-all- the variables:by: spatial factors;.e.gas j((1) = goen: % e51¢
and the variable, e.g., becomes
. 1 L
uO(Tv C) 153 UO(Tv C)

—5 1
ope % e~ 51¢

@ Motivation: Spatial factors like wiII separate a new singular
remainder term AiAremamde,U from 4 LA9;U, and ATAremamderU
compensate - L AU to obtain a positive definite singular lower order
term (consists with the Fuchsian).

o Defect: p ~ e51¢" introduce infinities to the equation as (! — —oo.
Break the structures.

@ ldea to overcome: Revise the equation by cutoff function ¢ such that
the infinities vanish. However, the equation fails to equivalent to the
original equation due to the revision.

¢ € CO(Ri[0,1]), @l 5110 =1 and suppg C [-255 %, +00) C R.
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Howe-toitecover: the solutionof theeriginahone?

@ To recover original solution, only use the lens-shaped domain
(determination domain, see Fig. to explain)

,f-
Cut off the left side, it becomes a Fuchsian
Lens-shaped dom. (Shaded)
7=0
_ —
Char. surfac ]
L v

weakly spacelike surf.\
AL L\ i

¢! = arctan (—%ﬂ) 7=-1 {1 = arctany ¢!
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weakly spacelike surf.
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¢
3

1
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This talk was given before the article's release, so some statements and notations

Thewrevisedosystem becomes a Fuchsian systemsby:n.
compactifying space

The third coordinate transform (compactifying the space)

?=7¢c[-1,0) and (' =arctan(r(') € (—g g)

@ R"” becomes T", a closed manifold which is required by the Fuchsian
analysis.

@ After this coordinate transform, we have Fuchsian formulation and can
derive the global existence and stability result for this revised system.

@ Using determination domain obtain the main theorem.
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

Uncharted domain

\ T

Coord. line (' = 0, 7 axis

C. Liu (HUST)

Lid hypersurface Vs,

\
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T=0 ()

(7‘,5) cord. exphnds this inﬁnit}jf
Char. surface
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This talk was given before the article's release, so some statements and notations
may differ from the final version. Hovvem;r, the core ideas remain consistent.

Coord. line ¢! = 0, 7 axis

Char. surface
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This talk was given before the article's release, so some statements and notations
may differ from the final version. However, the core ideas remain consistent.

Thank you
for your attention!

C. Liu (HUST) Jeans-type instabilities



	Background



