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Classical Jeans instability (Static)
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Classical Jeans instability (expansion)
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Slightly nonlinear Jeans instability
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Question:

,2'y+% DIQDIQ (1)

" 4. ) 2 2
+—0—RtTTIANp— —p=(y— 1)kt )
) 0 0 o=(y—1) Tt

3t 3t2

Theorem

Suppose s € Z>3 and 7 > 1 are constants and § := g[¢=1 and
Op = (0u0)|t=1 (L =0,---,3). Let the initial data of the density satisfies
an estimate

. B .
do — % + 18ill s (T3y < Bo, (2)

o /B‘ 3 HHS(’H‘3)

2

+
Hs(T3)

where 0 < 8 < +o0 is any given constant and Sy > 0 is a small enough
constant. Then the solution of equation (1) satisfies

wInNy
wIin

B W

Bt

<po<

Bt

=

for every (t, q).
v
May 20, 2023  8/50




Methods

@ Non-Fourier based method: Fuchsian formulations (energy method)

e Main difficulties:
@ Find a compactified time 7 € [—1,0) for physical time t € [ty, o0) such
that 7 = g(t).
@ Select proper Fuchsian fields (similar define suitable energies)
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Tool: Fuchsian formulations

1
B"0,u :?BPU +G in[-1,0) x T",
u =ug on {—1} x T".

Some main assumptions of this system
© P is a constant, symmetric projection operator (Pick up decay
variables by P).
Q 1 ]I <B'<1 é < 7,1 (Give right signs and determine dissipative
efFects)
(BT = B*, [P,B]=PB—BP =0.
PLBO(t,Ptu)P = PBO(t,Ptu)P+ = 0.
IPL[D,BO(t, u)(B®) " 'BPulPt|,, < alt| + B|Pul?.
...... e.g., B, G somehow allows ~ 1/t (extra condition) and

©000

(3,4, 5 gives how the variables coupling to each other), and some
regularity assumptions on the coefficients and remainders. Advantage:
allow suitable coupling of variables.
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The Global Existence Theorem of the Cauchy problem of
Fuchsian equations

Theorem (Oliynyk, 2016)

Suppose that k > 2 +1, ug € H*(T") and above conditions are fulfilled.
Then there exists a T, € (—1,0), and a unique classical solution

u € CY([-1, T,] x T") that satisfies

ue Co[-1, T.], H*) n C}([~1, T.], H*~1) and the energy estimate

@
1
lu(e) 1 — /1 ~[[Pullfudr < Ce“ I (Jlu(=1) 13

forall =1 <t < T, where C = C({|ul| o (j_1,7.),H¥), V1, V25 £), and can
be uniquely continued to a larger time interval [To, T*) for all
T* € (T.,0] provided [|u|| oo ([—1,7.),Ww1o0) < 0.

This basic theorem has been generalized to more difficult cases and two
parameter scales problems in the subsequent works by Oliynyk, L., Beyer,
Olvera-Santamaria.
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Intuitive toy model of Cauchy problem for Fuchsian system

@ Rough idea: The following ODE dominated behaviors.
Consider an ODE

Oru = §u+ (—t)"*PF(t), where 0<p<1,8>0,tc[-1,0).
Then

8t(u - /tl guds> — (—t)"HPE(1).

Integrating it yields

‘B
u—/ ;ud55u0+1—(—t)p.
-1

Further solving u leads to optimal decay estimates.

@ The previous Theorem is obtained by adding conditions to make sure
the Fuchsian system behaves like this toy model.

C. Liu (HUST) Gravitational instabilities May 20, 2023 12 /50



Compactified time:
1
T = ? S (0, ].]
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Fuchsian fields

U(Ta q) = \/?at_gg(t? q) - %6/8’

1

1
UO(Tu q) = tiat@(ta q) - §ﬂa

ui(7, q) == t3790(t, ).
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Fuchsian formulations

1),7”-*2’%%M.
1+o

. 4 . D2 2
—o— Rt A0 o= (y—
o+ 30—k 0~ 320=01

becomes i 1
B%,U + " 5Bo;U = ~BPU + ~H,
T T
where U := (up, uj, u)" and BY, B', B and P are constant matrices, i.e.
1 /0 RO
B = 7ok , B'=[& 0 0
1 0 0 O

Y

5
3

B = ;%’(7_ %)5”( 5 ) P=
3

- i T
- (_2/@( - 1) U'UJ,O,O> .
\/_u+6+273
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A reduced model of nonlinear Jeans instability

C. Liu (HUST) Gravitational instabilities



Question

—k

Q) + §ohelo) = ol ) (Irole )~

(Dco(x*))? = kF(t),

0lt—tp = 6(x') >0 and  0r0|e—t, = do(x') > 0,
where 0 := 02 — A, = 82 — ¢Y(t)0,0;,
a>1, 6>0, 1<c¢<3/2
3¢ —v2v8c —5 < h < 3c+ 28 —5.

i . M) _ (0:F(1))?
9v(t) = mé and F(t):= TR

where m € R is a given constant and f(t) solves an ODE,

ORF() + S0 (1) = (L + F(8) = 75 (Aer () =0

f(to)=F >0 and 8.f(tg) = F > 0.
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The solutions of ODEs

() + L0 (1) — A+ () - @) =0
f(to)=F >0 and 8.f(tg) = > 0.

Theorem
Q t. € [0,00) exists and t, > to;

@ there is a constant t, € [t., 0], such that there is a unique solution
f € C?([to, tm)) to the ODE, and

tll[?m f(t) =400 and lim fo(t) = +oo.

t—tm

© f satisfies upper and lower bound estimates,

1+ f(t) >exp(0t% —i—Dt_l) for t € (to, tm);
-1

1+f(t)<(At = 1Bt 7 +1) for t € (to, ty).
May 20, 2023 18/50




(D) + L0 (1) — AL+ () - @R =0

f(t))=F>0 and 8:f(t)) =% > 0.

Theorem
Furthermore, if the initial data satisfies f > @(1 + f)/(cto), then
@ t, and t* exist and finite, and tp < t, < t* < o0;

@ there is a finite time t,, € [t,, t*), such that there is a solution
f € C?([to, tm)) to the ODE, and

tll)r?m f(t) =400 and tllm fo(t) = +o0.

—tm

@ the solution f has improved lower bound estimates, for t € (to, tm),

(1+F)(1—E6d + BT < 14 (b).
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The solutions to the PDEs

a 6 c— R | X
Do(x*) + ?3r9(xu) - TZQ(X‘L)(lJrL’(X‘L))—m(dze(xu))z = £F(t),

ele=ty = 6(x') >0 and Otele=ty = do(x') > 0,

Theorem

Suppose s € Z~ n 3, and assume ty > to such that [to, tm) is the maximal interval of existence of f. Then there are small
=2

constants o, , o > 0, such that if the initial data satisfies

4 do mgij 1
g_n 2 , !
H 7 | HS(T) i | % ‘ HS(T") i H 1+ f‘ HS('Jl‘") =377
then there is a solution o € C2([tg, tm) X T") to the PDEs and o satisfies the estimate
t) Oro(t md; o(t
” @( ‘ H to(t) _1) H jio(t) <Co<1
H*(T") fo(t) HS(Tm) 1+ f(t) 1H*(T")

for t € [tg, tm) and some constant C > 0. Moreover, o blowups at t = tp, i.e.,
lim o(t, x') = d i t,x') =
im o(t, x ) +oo an Jim oo(t, x') = +oo,

t—tm

with the rate estimates (1 — Co)f < o < (14 Co)f and (1 — Co)fy < 0o < (1+ Co)fy fort € [to, tm).
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Estimates of f(t)

Starting from

6

GRF(t) + SOF(8) = SF(H(1+ (1)) - (8:F ()2 =0

C
14 f(t)
We construct a series of differential inequalitites in the form of

8tG<§G+F or 8tG>§G+F

to estimate variants of f and 9;f (Not sharp! but enough!).
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Estimates of o(x*)

@ Methods: Fuchsian formulations.

@ The compactified time

T:=—g(t)=— exp(—A/t wds)

to s2fo(s)
= (1 + BB/t s“T2f(s)(1 + f(s))l_‘ds)/2 €[-1,0),
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Fuchsian fields

w(t,x') := o(t,x") — f(t),
wo(t, x) == dew(t, x) = Bro(t, x) — fo(t),
w;(t,x") := diw(t, x") = O;0(t, x').

and
u(tx) = )wa X,
uo(t, x") = A0 wo(t, x"),
il X) =y ).
then

H(Tvxi) = u(g_l(_T)vxi)7 ﬂ(ﬂ Xi) = UO(g_l(_T)aXi)
(7, x") = ui(g 7 (=7),x").
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Singular and regular in 7 terms

Define a quantity

() = 27 fy(t) - g A (t)t2(t=a) .
(L4 () f(t)ga(r) BRI+ (1))

Then there is a function & € C!([to, t,)), such that for t € [to, tm),

26B
t) = ——— t).
X(8) = 5o+ &(1)
where lim;_,;, &(t) = 0. Moreover, there is a constant C, > 0 such that
0 < x(t) < C, in [to, tm), and there are continuous extensions of x and &
such that x € C%([to, tm]) and & € CO([to, tm]) by letting
X(tm) :==26B/(3 — 2¢) and &(ty,) := 0.
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Define a quantity

§(t) == 1/[g(t)(1 + F(1))],

then & € CY([to, t)) and
lim &(t) =0.

t—tm

Moreover, there is a constant C, > 0, such that 0 < {(t) < C, for every
t € [to, tm), and there is a continuous extension of & such that

€ € C%[to, tm]) by letting &(tm) := 0.
Remark

x(t) and &(t) help distinguish the singular term %BPu and the regular
term G in the Fuchsian system:

1
B"0,u = -BPu+ G.
T
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Fuchsian formulations

. 1
BOOU+ BOU = =BPU + H
T

where U := (ﬂ: ﬂv H)Tv dt = %(7—7 ﬂ: H) = (_§(7_7 H)’O7 _E(T’ ﬂ; H)) T:
P:.=1,

1 0 0 0 & 0
B .— [0 54 0], @"::% 55 0 0],
0 0 1 \o o0 o0
1 [6+@ -G+ 5+ 0 264 (- A2 + 2+ 5§
B = — 0 (2 + Lok 0 ,
A ~(5%+ §) 0 =
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Nonlinear gravitational instabilities for expanding
Newtonian universes
with inhomogeneous pressure and entropy
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The dimensionless and normalized Euler—Poisson system

dep + 9i(pv') = 0,

Y .
Ov' + VOV + TP +0'¢ =0,

s+ vidis =0,
A = 599,00 = 4mp.
The equation of state becomes
p= Kesp% +p, forK>0.

The initial data at t = 1 is given by
L3 H 2 H k l
P|t:1 = a, V’|t:1 = §X’ and S|t:1 — In(6k/x X )

where ¢ satisfies an important identity

sgn(1—:3)

K\3
3 —3— —
L-|-9(6)L 1=0=.€(0,1]
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o Note K and . are dimensionless constants depending on the molar
mass of the fluids and the distributions of the entropy or temperature.

@ If ¢t # 1, the data of the entropy implies the initial distribution of the
temperature 7 o< |x|2 .
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Background solutions

There is an exact solution on (t, x¥) € [ty, 00) x R3,

3
5() = —- Y S W T o PR
p(t) = 6mt2’ p(t) = Kt 30,yx"x'p3 +p, V'(t,x")= §X:’
o 2 3
St x*) = Srpoyxixd = —Guxixd | E(t, x%) = In(t™ 36 xx)sEn A1),

3 9t2

C. Liu (HUST) Gravitational instabilities May 20, 2023 30/50



Homogeneous perturbations in following sense

A homogeneous initial perturbations and characterized by two positive
parameters 8 and + in the following ways,

2 i 2 i
ple=1 = (1 +5)6_7r’ Vi[i=1 = (g - ’Y)X )

5|t:1 _ |n((1 + ﬁ)%éklxkxl)sgn(l—ﬁ)'
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We construct solutions

L3
olt) = (1 + F()j(e) = “ELHE)

TN fl(t)y
(6 = 3 5 )
o(t,x") = %wﬁ(1+f(t))yx|2 _ c@+f(1))lx|

9t2 ’
s(t,xK) = In(£75 (1 + £)F5gxkx!) &),

1—-:3)

and the density contrast o(t) = f(t) where |x|? := §;x'x/ and f(t) is a
solution of the following nonlinear ODE,

! 2
()4 3070 = 5 A (D14 7() ~ 300 s =0,

fle=toy =B and  f'|e—t, = 3(1+ B)7.
Moreover, the pressure becomes p(t) = (6K)L2 -(1+ F)20x<x!.
T)3 ¢t
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Nonlinear gravitational instabilities for expanding
spherical symmetric Newtonian universes
with inhomogeneous density and pressure
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The dimensionless and normalized Euler—Poisson system

dep + 9i(pv’) =0,

o . o
pp + a’¢ :@I(t7 XJ?p’ Vk7s7 ¢)7

v + vj(?jvi +
Ors +vidis =8(t, %/, p, vk s, ¢),
Ao = 599,0;¢ =brp.
EoS is
p= Kesp% for K > 0.
The initial data is given by spherical symmetric functions 34(|x|) and

yo(Ix]),
Ple=1(x') = po(Ix]) := (1 + B(|x])),

Vleea () = (1) = 250+ 7o ixx
. x|))5
sle=1(x") = so(]x|) := In<(1 +(f(i£‘5’))“? |x|2>.
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Assumptions

© Dampings and entropy productions:

CDi(t,xj,p, vk,s,qS) = — ﬁfof[v" — (% — .3(1’3_ f))xi],
S(t,xj,p, vk,s,gb) = (% —|—w>8,-vi + 2|‘:(’|;(’ +3w(% — 3(1@1"))’

D' serves as a damping term that arises directly from the
inhomogeneous densities, while & accentuates the growth of entropy
caused by the aforementioned inhomogeneities through a flow of
matter that depends on temperature.

@ Periodicity and spherical symmetry of data: To simplify the analysis,

we assume that the initial data d(|x|) and o(|x|) are both
1-log-periodic functions, as defined below.
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Definition
A function F(|x|) is called t-log-periodic if there is a t-parameterized
exp-log transform y; satisfying

X = 5:(0) = 3 (14+£(8) " exp¢ & ¢ =y (Ixl) = In(e73 (14+£(0) I

such that F(¢) := F o y¢(¢) is a periodic function with the unit period,
that is, F(C +m) = F(¢) forany m € Z and ¢ € R.

C. Liu (HUST) Gravitational instabilities May 20, 2023
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Physical interpretations of @' and &

. . K,fb .
D' t7 Ja ) kasa = - V! )
(t,x,p,v",s,9) Tt
damping due to inhomogeneous densities
: 1, (3 3
S(t,x, p, vk, s, :——8-<—> + —
(t.x,p ¢) 05 %
~—~—

flux of entropy  entropy productions

The temperature distribution is given by
T x|, e, T =#k(t)oyx"x!, for some time function A(t).

The entropy flux and thermodynamic force are given, respectively, by
A~ 2 Vi %
J = <§ —i—w)T,ov and §; = 8;In(p§3+“).
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Recall two solutions

Newtonian universes (backgroud solutions): If 5 =~ = 0, then the initial

data reduce to

3
plima(d) = £ Vi) = 5% and sl (x) = In jx.

Then the solution to the Euler—Possion system is

cy L 5(1) — Ki—35ux’x 85 ot xK) = i
( )_67_‘_7) p(t)_ t 35kIXX,037 V(taX )_ﬁxa
° k 2 o Y L3 i ° k _4 kI
o(t,x") = §7T,05,'jx x = g?dijx x)and  §(t,x*) = In(t”3dx"x").

May 20, 2023 38/50
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Homogeneous blowup solutions (reference solutions): If constants 8 > 0,
v >0 and d(|x]) = 1, o(|x|]) = —1, then the initial data becomes

Plealo) = (14 ) V’|t=1(X’)=(§—v)xi,
sle-a(x) = In((1+ 9) ).

There is a solution to the Euler—Poisson system given by

L3 ! )
pr(t) = (16:;;(1“))7 it x) = 3" - 3(1f+(;)(t))xl’
¢r(t,Xi) _ L3(1 +9ft(2t))|xl2 and sr(t,Xk) _ |n(t7%(1 + f)%(sk/XkXI),

and the density contrast o,(t) = f(t).
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Instabilities

A homogeneous initial perturbation around (p, \"/",é,%) results in a blowup

solution (py, v/, ¢,,s), meaning that the Newtonian universe (3, ¥/, ¢, §) is
gravitationally unstable.
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Main theorem

Theorem

Under assumptions, suppose s € Z>%, 3 €(0,1/5] and f € C%([1, tm))
solves the ODE where 5 > 0 and v > 0, and assume t,, > 1 such that
[1, ty,) is the maximal interval of existence of f. Then there are small
constants o, 0 > 0, such that if the initial data satisfies

o -1

Hs+1(T) + HU oY1+ 1| Hs+1(T) < 040,
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Theorem

then

there is a solution (p, v', s, ¢) € C2([1, tm) X R3) to the system and p(t, |x|), v/(t, |x|)x;/|x|? are t-log-periodic and
spherical symmetric;

e there is a constant C; € (0,1/0), such that o and vi satisfy the estimates

0< (11— Co)f(t) < o(t,x') < (1+ CLo) (1),
0< (1 Go)fy(t) < Bre(t, x') < (1+ GLo)fp(1),
—Co(1+ f(t)) < X 9jo(t, x') < Co(1+ £(t))

and

(3 @+ Cld)fo(f))X; < i (3 _a- Cw)fo(t))xi

3t 3(1 + f(t)) 3t 3(1+ f(t))
for (t,x") € [1, tm) X R3;
e the entropy s can be expressed by
1
_4(l+o) BB
s=1 (t 3 ( Cl 3 SkIXkXI);

o o and O¢p both blowup at t = tp,, ie.,

) i _ ) i _ i
tﬂ)n;m o(t,x') = oo and tﬂmm Oro(t, x') = +oo;

if the parameter ~y of the data satisfies v > 1/3, then there is a finite time ty, < oo, such that the density contrast o
and its derivative Ot p blow up at a finite time tp,.
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Methods

@ Fuchsian formulations.

@ The compactified time transformation:

g(t) = exp(—A/lt %S()S;_l)dﬂ >0

7= —g(t) € [-1,0),

C. Liu (HUST) Gravitational instabilities May 20, 2023

43 /50



Basic ideas

@ Similar to Jeans

trdx«[momentum conservations], x:y =the eq. of 9,0, } The 2nd ordet

= .
the continuity eq. =-the expression of © hyperbolic eq.

@ Firstly, we use comoving coordinates with the reference solutions to rewrite
the system.

@ Velocity transform yeilds a rescaled speed v
fo

V(t, X¥) = EEs)

v(t, R)X'

@ Log-periodic coordinate
R>¢:=InR ie,R=¢e% where R € (0,0).

@ Continuity equation plays a very important role bridging density and speed v
to construct the Fuchsian formulations.
h o 00 h vRRO_ fh
1+f 1+ 3(1+f)1+p 1+f  3(1+F)
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Eventually, we arrive at

A ko N, . 2 0 H0:0)?
Og0 + (2 006 — —p(1+0) — 0 _p
g9+<3t+1+f> =300 +0) -3 5 ~h
fo
0 ———vov =G
v+ 3(1+ f)]/ (4 1,
where the wave operator is
Og 1= 07 — g°“0¢ + 29% 0.0,
g€ = (24 w)(1—23) (1+ )~ ! B f 2 g% fo y
9t2 (1+F) 91+ F)?2 7’ 3(1+F) "
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Fuchsian fields

W(tv C) = @(tv C) - f(t)7
wo(t, ¢) := dew(t, ¢) = 0:0(t, ¢) — fo(t),
WC(t> C) = aCW(t7 C) = a(@(ta C)

u(t, ) = %w(t, 0. uo(t,C) = ——wo(t.0)

UC(ta C) = 1

1
()"
C(tv C)

+f(t)

H(Tv C) = u(g_l(_T)aC)a UO(T C) - UO( ( T) 6)
£(7_7<) = UC(g 1(_T)7<)'

C. Liu (HUST) Gravitational instabilities May 20, 2023
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Evolutions of “gravity”

Introduce a new gravity

1 ¢
V(t, () = E/ u(t, z)e3%dz.

By continuity equation, we can put into an evolution equation

fo fo fu
oY = - = (14
‘ fa+fn . 3\ 1)
C. Liu (HUST) Gravitational instabilities May 20, 2023
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Fuchsian formulations

1 _1
B0, U+ B O U = —BPU+ H + (—7) 2 F,
T
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and # = 3¢(7,U) := (Hy, Ha, H3, Ha, Hs) | such that

Hy = Ha(r,U) = — lg[m n ()\ . %)B‘lﬁ]g,

1
= H2(7',u) %7£<1+ ]¢.>U<7
1
Hs = Hs(r, U) :(A+ 3 3§L )Ag(1+? 4+ B71&)(up — u),

Hy = Ha(r, U) = — 2(13;\‘3)5(1 + i) (1+ 1’;”f)§u<,
o= o) == 3 (1 1) (1 ) 35w

remark

A lots of improved estimates are required to verify it is a Fuchsian
formulation, for example,

B(r)| S (-7)2 and lim (1/[g%(£)(1 + F(£))]) = O, etc.
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Thank you
for your attention!
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