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Background Einstein-Euler equations with A > 0

Einstein-Euler system with A > 0

Einstein-Euler equation with a positive cosmological constant A > 0 is
given by
GHv NG = f‘lW7
vV, TH =0,

where G* is the Einstein tensor of the metric § = guvdxtdx”, and

TH = (p+ p)v* V" + pgH is the perfect fluid stress-energy tensor.
A linear equation of state of the form

1
p = e2Kp, 0<K§§.
c= VT
=

where c is the speed of light and vy is a characteristic speed associated to
the fluid.
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Background Conformal Poisson-Euler equations

Conformal Poisson-Euler equations

The € ™\, 0 limit of the conformal Einstein-Euler equations on M are the

conformal cosmological Poisson-Euler equations, which are defined by
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Background Cosmological Newtonian limit

Newtonian limits

3 edifference
'B‘ —e—

Solution of E-E eq

Solution of P-E eq

o Field equation level (as € N\, 0, GR field equations reduce to ones in
NG.)

@ Solution level (directly relate to physical phenomenon; this is what we
concern about!)

Newtonian limits

Understanding the behavior of solutions to Einstein-matter equations in

the limit € \, 0 is known as the Newtonian limit.
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Background Cosmological Newtonian limit

Analysis of Newtonian limits

We will refer to the global coordinates (x*) on manifold M defined above
as relativistic coordinates. In order to discuss the Newtonian limit and the
sense in which solutions converge as € \ 0, we need to introduce the
spatially rescaled coordinates (x*) defined by

t=x"=x" and X' =ex', e >0,
which we refer to as Newtonian coordinates.
The first key step for Newtonian limits is to identify the “right” variables
which contain the right information of the orders of . Then by choosing
suitable gauge, one can write Einstein-Euler equations, in terms of
Newtonian coordinates, to the following singular symmetric hyperbolic
equation

. 1 .
Ao(e, t,x,u)0ou+ A'(e, t,x, u)0iu + —C'Oju = F(e, t, x, u)
€

where C' are constant matrix.
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Background Cosmological Newtonian limit

The corresponding limiting equations of above singular hyperbolic
equation is defined by

A(t, x, @)0ot + Al(t, x, 3)0ji + C'ojv =F(t, x, i)
C'o;6 =0

where, roughly speaking, Ar = lima o A* and F .= limeo F. In fact, the
Poisson-Euler equation in Newtonian gravity can be written in the form of
above limiting equation. Therefore, one can regard u is the solution to
Einstein-Euler equations and & is the solution to Poisson-Euler equations.
By Newtonian limits, we mean under suitable assumptions, we try to prove
llu — d]|some norm < Ce. This has a positive answer for short time region
investigated by Browning, Klainerman, Schochet basing on some
conditions. The main idea to handle this singular system in € is to observe
that in the energy estimate, % <W7 Ci8;w> = 0 due to C' being a constant
matrix. This will eliminate the worst singular term.
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Background Cosmological Newtonian limit

However, one difficulty we point out here is, usually, Einstein-Euler
equations can not be written in the previous form directly, there will be a
1/e singular term appearing in the error term. To conquer this difficulty,
we shift the unknown variables by some quantity &, then the 1/¢ singular
term in the errors will be absorbed into %C"&-W where w = u— ¢ and &.
However, this shift will introduce the nonlocal term into the errors.
Roughly speaking, this shifted component £ is essentially related to the
Newtonian potential and hence the nonlocal term is related to the poisson
equations essentially.
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FLRW metric
FLRW metric

Friedmann-Lemaitre-Robertson-Walker (FLRW) solution is an exact
solution to Einstein field equation that represent a homogenous, isotropic,
fluid filled universe undergoing accelerated expansion. Letting (X'),

i =1,2,3, denote the standard coordinates on the R3 and t = x° a time
coordinate on the interval (0, 1], the FLRW solutions on the manifold
covered by (x*)

Mg := (0,1] x R3

A

are defined by (t =e V37)

5

(t) = —%dtdt + a(t)?6;dx d,

A
v(t) = —t\/;at,

1
W) = i
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Fundamental question and answers Question and Motivations

Fundamental Question and Motivations

Question

On what space and time scales Newtonian cosmological simulations can be
trusted to approximate relativistic cosmologies?

Motivations
© Dark energy, cosmological averaging, backreactions

@ Answer old hidden assumption in physics, post-Newtonian expansion
© Approximate GR using NG
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Fundamental question and answers Answers

4 step-Answers

@ "“Todd A. Oliynyk: Cosmological post-Newtonian expansions to
arbitrary order (2010)" answers this question on small space-time
scales;

@ “Todd A. Oliynyk: The Newtonian limit on cosmological scales
(2015)" answers this on large spatial scales but small temporal scale;

© "C.L. and Todd A. Oliynyk, Cosmological newtonian limits on long
time scales (2017)" answers this on large temporal scale but small
spatial scales;

@ “C.L. and Todd A. Oliynyk,

Cosmological newtonian limits on large scales (2017)" answers this
on large space-time scales.
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Fundamental question and answers Answers

Answers on large scales (rough expression)

We answer this question under a small initial data condition. Informally,
we construct initial data sets that solve the constraint equations and
represent initial conditions relevant to realistic cosmologies and establish
the existence of 1-parameter families of e-dependent solutions to
Einstein-Euler system with positive cosmological constant A > 0 that:

Q are defined for € € (0, ¢9) for some fixed constant ¢g > 0,

@ exist globally on (t,x') € [0, +00) x R3,

© converge, in a suitable sense, as € N\, 0 to solutions of the
cosmological Poison-Euler equations of Newtonian gravity,

@ are small, non-linear perturbations of the FLRW fluid solutions.
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A glance at the main proof

A glance at the main proof
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Reduced
conformal

Constraint.

A glance at the main proof Mind map of this proof

Conformal
P-Eeq. via

§ E-Eeq. via eq. via initial Newtonian
Shift U to evolutional variables (§3) variables T
. variables U (§2) g (1.69)~(1.71)
e-singularity
in error terms TS
coustianns by [ Generalized
generalized P
i pn
fixed point | opecier (83 )

Localize

nonlocal E-E

to better initial data

Q-1ocal
existence |«
of U (§2.2)

@ -local
existence
of shifted

variables U

(Proposition

6.2)

| theorem (53)

Transforn
eq. via shifted initial
evolution variables
variables U (§6) o evolution
variables
(§3.6)
v
Hy,-local H*-local
existence |4 existence
of U (§4.1) of Newtonian
[ variables
Improved estimates due U 68

Model eq., Singular (in ¢ and ¢) symmetric hyperbolic eq
which characterize the long time Newtonian limits on E? (§7)

Conclude Cosmological Newtonian limit on global spacetime
scale by verifying all the assumptions od model eq. (§8)
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A glance at the main proof Mind map of this proof

Evolutions of Poisson potential

Shift the following evolution Poisson potential to eliminate the
e-singularity in errors

1
o = ggfsgak(A —B) HEVglov — pirx). (1)

By 1st Euler equation (continuity equation), we can derive a evolution eq
of &} (ODE),

A —
00 = =3 (A — 28) 101 (0% \/BleZ). @)

then obtain nice estimate of it
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A glance at the main proof Evolution equations

The evolution equations
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A glance at the main proof Evolution equations

Shift U to

minate
e-singularity
in error terms

Reduced
conformal
E-E eq. via

evolutional
variables U (§2)

Conformal
P-Eeq. via
Newtonian

Constraint.
eq. via initial
variables (§3)

variables U
(1.69)~(1.71)

Solving

CZ:"T':?: ed‘” [ Generalized
e ot
P | _operator (133)
theorem (§3)
Localize N ’
nonlocal E-E Transforn
ia shifted initial
ion variables
variables U (§6) o evolution
variables
(§3.6)
v
Hj-local H*-local
exéstsnce - existence
of U (§4.1) of Newtonian
I variables
Improved estimates due U (55
to better initial data
Q*-local
existence |«
of U (§2.2)
Q°-local
existence
of shifted
variables U
(Proposition
6.2) We are here!

Model eq., Singular (in ¢ and ¢) symmetric hyperbolic eq
which characterize the long time Newtonian limits on E? (§7)

v

{

scale by verifying all the assumptions od model eq. (§8)

Conclude Cosmological Newtonian limit on global spacetime ]
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A glance at the main proof Evolution equations

Conformal Einstein equations

Replace the physical (inverse) metric g#* and fluid four-velocity v* by the
conformally rescaled versions defined by

g = e2"’g“” and v* = eVl

Then the conformal Einstein equation is

G — T
=V T — YA 4+ 2(VHVYY — VHUVYY) — 20V + [VW|2)zH,

where V, and G, are the covariant derivative and Einstein tensor of g,
respectively, J = V#*V,,, and \V\Il@ =gV, uv, .
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A glance at the main proof Evolution equations

Furthermore, another representation of the conformal Einstein equation is

RIv oIy — 2w [m oS

1- €K _ W | 20 2\ =t v
+ Tp—i—/\ e“r |8 + e (1 + €“K)pvtv”.
where Ricci tensor can be expressed as

_ 1., - . _ _ _ _
R = Eé*"vwag“” + V) R 4 PR 4 QEv
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A glance at the main proof Evolution equations

Conformal singularized, reduced Einstein-Euler equations

@ Long time problems of singular symmetric hyperbolic equations with
damped terms ~» Short time existence problem of a singular
symmetric hyperbolic system with respect to 1/e and 1/t:

, 1 . 1
B%yu+ B'dju+ ~C'oju = Ezs’]Pm +H+G
€

@ t — +oo problem ~» t — 0 singular problem;
7 € (0,400) ~ t € [Top,0)
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A glance at the main proof Evolution equations

Ricci tensor can be expressed as
- 1 - - - _ _ ~
RH = 5{2”%‘705’” + VXY Ry Py Qrv

Using suitable variables, rescaling spatial coordinates X' = ex', conformal
factors W = — Int and generalized wave gauge

26 = X0 4 V0 =0,

where
XH = TH = goBrt — g g + 1—#0’— v,z
T =& af vE 2g Bap Vo8
and
\/ — - 2 — 10 /\ m
Y'u = —2V“\|/ + 2V“w = ? g” + 550 .
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A glance at the main proof Evolution equations

op
g

¢
and

3¢
where

i a3, @

Liu (Peking University)

1 g!!y A
== (1.40)
T 3(g0 — 0
= -8 - ——). 1.41
p ( v Y08 > (141
1o v
= -8wg", (1.42)
[P
= (5 = i 1.43
E(gﬁ ) (1.43)
1. iz oy
= ;55,55v#(a*'§” - k"), (1.44)
- l@ (1.45)
!
1 00 =ov pov A
= 8,8,¥, (87" — I )_Evuln” B (1.46)
1
T (1.47)
puiz
= g ), (148)
=¢—(n (1.49)
= (det g)F f(det i)} = E2(det §i))~F = EX(det )7
gy=@hH" (1.50)
ﬁ:gm—ﬁ[m—%lnu, (1.51)
tu(t) = ﬁln(z’ﬂ“‘:muu)) (1.52)
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A glance at the main proof Evolution equations

We are able to write Einstein-Euler equations as the following Model
equation

. 1 . 1
B%ou+ B'ju+ ~C'oju = EBIEDu +H+G
€

in [To, Tl) X R?’, T1 < 0.
Main observation: %BIP’U has the "right” sign due to positive cosmological
constant.

Then main aim is to analyze this system in Q(R3) = R%(R3) (due to
initial data) spaces, where

Q*(R?) 1= {u e W IR YW= 2=(R%) | Du € H1(R?)}
RS (R?) :={u € L°(R®) | Du € H*~}(R?)}
with norm
lulls(sy =IDullpe=1(rs) + llull we-ro(@e) + [[ullws—2.00 (m3),

| ull rs(rzy =IIDull ps—1(r3) + [lullows)

C. Liu (Peking University) Cosmological Newtonian limits December 23, 2019 22 /39



A glance at the main proof Evolution equations

Basic idea: energy estimates

Aim: 1. Long time solution by continuation principle require
lullpro < o0.

2. HU — ﬁHLoo([T070)7Qs—l) S €.

Step 1: Analyze model equation, by energy estimate,
0 i L 1
B 80u+88,~u+7C 8,-u: EBPU-I-H—}-G
€

under certain structural assumptions with small initial data.

Step 2: Writing E-E eq (e.g variables w), P-E eq (e.g variables w) to
model equation. Then some operations on E-E eq and P-E eq to derive
egs of Pyw, t0;w and w — W all into model eq. Using theorem of Step 1,
we conclude Aim 1 and 2 together.
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A glance at the main proof Evolution equations

Toy Model

let’s focus on a simple linear model to convey the spirit how to eliminate

the singular terms.

1 . 1
DU+ —a0U=U+aU where |U]| = (U, U)?

for t € [-1,0), € € (0, €o).
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A glance at the main proof Constraint equations

Then by simple energy estimates
2
0| U|? = ;HUH2 +2al|U|? (3)
provided
1 i
E(U,a@;U> =0. (4)

This condition (4), in fact, holds for all of our proof due to the manifolds
of integration are T3 and R3 respectively. Then we conclude that

2 o2
or(Ju+ [ 2jupas) sjues [ -2jupes. )
To S o S

Then applying Gronwall's inequality leads to the boundness of a new
energy

t 2
|U|I2+ | —Z||U||?ds (Note that s < 0). (6)
To S
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A glance at the main proof Constraint equations

The constraint equations
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A glance at the main proof Constraint equations

Reduced
conformal
) EEeq. via
Shift U to evolutional
minate variables U (§2)
e-singularity

in error terms

Localize

nonlocal E-E
ia shifted

n
variables U (§6)

Constraint.
eq. via initial
variables (§3)

Solving
constrains by
generalized
ukawa
potential and
fixed point
theorem (§3)

Conformal
P-Eeq. via
Newtonian

variables U
(1.69)~(1.71)

‘ Generaized

Yuka

potential
operator|(§3.3)

ere!

Hj,-local
existence |4
of U (§4.1)

[

Improved estimates due
to better initial data

Q-local
existence |«
of U (§2.2)

@ -local
existence
of shifted
variables U
(Proposition

6.2)

v
H*-local
existence
of Newtonian
variables
U (55)

Model eq., Singular (in ¢ and ¢) symmetric hyperbolic eq
which characterize the long time Newtonian limits on E? (§7)

Conclude Cosmological Newtonian limit on global spacetime
scale by verifying all the assumptions od model eq. (§8)
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Constraint equations
Constraints

The complete set of constraints on X7, are:
(G% — T%)|.—7, = 0 (Gravitational Constraints),
Z"|;—1, =0 (Gauge constraint)
(V"V, 4+ 1)|[¢t=7, =0 (Velocity Normalization).

Gauge constraints leads to an identity like
0 1, & : :
Oout = —=0ku"" + remaiders (regular in €)
€

Using this to replace all the time derivatives in nonlinear wave operator
(from gravitational constraints) and move all high order € terms into
remainders, we derive a eq

A — 62.8 —eb0); o\ [ fle, 0,9) (7)
—ed®’ A — €2C W N gJ(€7¢aW) .
where ¢ = 1%, ¢/ = u% and constants a >0, b <0, ¢ >0and d > 0.
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A glance at the main proof Constraint equations

Aim: construct a strict contraction.
Direct idea is to inverse the operator matrix, but only true for
(a+ bd + ¢)? — 4ac > 0. This is not always true for our case.

Transformed into

(A ) (0)- () o

where we have introduced a new variable
W = — edd (A — €2c) ¢ (9)
Then, we can inverse the operator matrix

(A - ezéa+bd) Aeiaé-zc) -t _ ((A - 52(24— bd)) 7! ebd;(A — sz(c)A*i(eAZJflz(a-%—bd))_l) ' (10)

This requires some detailed investigation of operator (€2 — A)~!, which we call it
a generalized Yukawa potential operator.
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A glance at the main proof Constraint equations

Banach's fixed point theorem to conclude the existence of
©w and ¥/

Contraction:
o =(A - (a+1ba)) " F(e, 4,0, €)
+ eb0j(A — 62c)_1(A - 62(8. + bd))
D =(A — Ec) gk (e, 6,9 §).

-1

gj(67 ¢§7 /lék? g)?

Usmg generalized Yukawa operator as a tool with very delicate structure of
f and &/, we know this mapping is a contraction on RSt1. Then apply
Banach’s fix point theorem.
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A glance at the main proof Constraint equations

Generalized Yukawa potential operator

Definition

Let s € R such that 0 < s < co and k > 0 is a constant. The generalized
Yukawa potential operator of order s is defined as (k2 — A)~2. This
operator acts on function f as follows:

(K2 = D)3 (F) = (Vsuf) = Ve * f, (11)
where
Vsu(x) = (52 + 47€2)3) " (x). (12)
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E AT
Main properties of GYPO

For all 0 < s < 0o and k > 0, we have

155(=A + K2) 73 (F) | ony < 1]l ioen)s (13)
10;(=2 + K22 |l oen S 1o (n) (14)
and if
1 s
———= 15
S e (15)
then
(K2 = )72 ()o@ S 1 Flleqzn)- (16)
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AW ELICIE R L ETWICIl Constraint equations

Lemma: estimates of the RHS

Suppose s € Z>3,0 < e < €, A € R, and F is defined by

F =c*ti(e, fi, b) + €8;0jfs + fy + Hs(e, s, 0;0jf5) + € Hy(e, fr, D;f)

+ EHole, fy, f3) + € fo + 2 fig + €Difix + €fin

6
where fi, £, f3, fi, fo, f7, fy € RVL(R?), £y, Az € L5 N K3(R?), fy € R°(R®), f5, fao, i1 € H(R?), and the maps
Hy(e,u,v), £ =0,1,5,7, are smooth, vanish to first order in u, and are linear in v. Then (52/\ - A)le € R5t1 and

2 —1 2
("X = 8) " "Fligst1 < Go [6 il gs+1lifallgs+1 + €llf3ll gs1 + lIfall 8 + ellfsllgs+1lfsll gs+1
L5 NK

+ellifollgst1 + elllfrllgs+1 + Hfollrs)fsllns + €llfiollps + ellfinllns + €llfi2l g S]
L5 K

where Co = Co(Ifollgs, il gs+1s 1f2ll gs1s 151l gst1s 1fell gstt s 171l gs s a1l s ) -
Furthermore, if fig = G(f)g, where f € K*(R3), g € H*(R3) and G(u) is smooth, then

[faollws < C(lIfllks)ligllns
and, in the case G(u) also vanishes to first order in u,

fiolls < CUIFlls ) fllks gl s -
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A glance at the main proof Constraint equations

Rough result: Free initial data: i1/ € RSTH(R3,S3), iig € H5(R3,S;),
5p € L5 NKS(R3,R) and ¥ € L5 N K5(R3, R3) determine

ii% ¢ RST1(R3,R*) and ﬁg“ € RS(R3,R*). Furthermore, the complete
initial data set.

Glue data

N N
p > "6 2 s A YA
5pe,Y(X) = 5,0)\ (X - 6> and Z‘é’y,(x) = Z‘/I\ <x _ 6>’
A=1 N—

1
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A glance at the main proof Constraint equations

Thank you
for your attention!
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ation Theorem (

want to see tl

don

Theorem 3.16. Suppose s € L5, r > 0, & > 0, § = (y1,--- .yn) € B, {i¥ € RTHR3 8;) and 1if, €
R*(R3,83) N L2(R3,83) for e € (0,e1), 6 € LENK(BYR) and ¥ € LENK*(R3,B3) for A=1,-+ \N. 65
and 2 5 are defined by (3.115) and p(1) satisfies (3.64). Then there exists a constant éq € (0,¢1) such that if
the free initial data satisfies

]

5 s+ 68 e+ 3 15500 e+ 30 I e <72 O << o,
= &

then there eaists a family (c, §)-dependent maps

[l e g, U 5. 29, 0Cg e (6 F) € (0,e0) x BRIV,

determines a solution of the constraint equations (3.3)-(3.5), and the

such that U,glw € X*(R?), U,

components of U, gy, can be expressed as
ulte| =eS" (e, Wil e g. 2L 5). (3.117)
. %EQ[I)EEE‘J +e*S(e, i ugl,, 0p. g (3.118)
uf’o‘“a") + 89 (e, uf ufl, 0pe g # 5), (3.119)
Zegls =EX(1)0nzl g + eR;le, il i, 053 (3.120)
o/:,,)
01+ . (3.121)
( H(1)
A ha A-lsx pe kil o
SEHDILOAT ey + eST (e i e, g T g (3.122)
=eSh (e, W, 0, 35 5. (3.123)
U e gle =Sy (e, WE WL, B3 20 g), (3.124)
and
gls =e87 (e, 0F' 5, o, (3.125)

u gl

where the remainders are bounded by
1187 (. e .. 6 3. 2 9) ot +I\S( L6 6 2 g e + 187 (e BE 66l P 5. 2 ) o
i el i vkl okl ss ol
+ IR (e, unnﬂpsy Lol o+ ST e, BE G, 69, 20 gl e + 118G (e B 65 6y, 2 )l mews

kL 5 4 e itk 7
H 1Sy e, B G g 2o g mevs + 187 (6 8 0 e g 2 Ml mews S 1€

for all (e.§) € (0,€0) x B*N. Moreover, the components of U, g5 satisfy the uniform bounds

Jslles + [luc glellress + 60k plsll e + llug,

[l slsllme + g eglellne + ), glslme < eléll

and

[l slsllne + 125 slslne + 10 slsll 5 e, < Il

for all (c,9) € (0,c0) x B3,
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Main Theorem

Suppose s € Z>3, 0 < K < % AN>0p(1)>0r>07Yy=(y1, - ,yn) € R3N and the free initial data
{id, 6g _, 65, 2\ } is chosen so that itd € RSTL(R3,83), 1if . € H(R3,83), 55 € L5 N K*(R3,R) and

. 6 .
A els nKkS@®, R forx=1,---,N. 83 yand ¥ g are defined by

SFeg) = 30 55 (x=2) ano 0-34 A(x-2). an

A=1 € A=1 €
Then for r > 0 chosen small enough such that
51 g1 + Hﬁg ellws + 1165511 6 +IAN 6 <r (18)
L5 NKS L5 NKS
Then there exists an small constant €9 = €g(r) > 0 and maps ﬁ"“' : X:O(Ra) — RTL(R3, Sy),

ey : X2 (B%) — REVIE®), g)'Y 0 X3 (B®) — RO(RP,84), uoye,y:on(]l@) — R(R®),

6
% gt ng(R?) — RS(R3,R3), and 6¢, 51 (0, €g) X (L5 N K5 (R3)) — L5 N K5(R3), such that

Liu (Peking University) Cosmological Newtonian limits December 23, 2019 36 / 39




Main Theoren don’t want to see this!)

ou O skl skl o ol
u. y‘t:l *ueﬁ(ﬁ, U Up es 505737, Zeﬂy)

eA 2 —1cy 2 \—1 2 =14 wji
:556‘ |:2(A7 €°a)" 0p. g+ eb(A — €°¢) 81-(75(A7 €“c) B;u{)'ye
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satisfying the estimate
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such that
(i) {u’”/(t x); ue y(t, x), 6¢c y(t, x), zj ¢ j(t, x)} determines, a 1-parameter family of solutions to the Einstein-Euler

equatlons in the wave gauge on Mg,
(ii) {(I’€ gt x), Ce gt x) = 6{6 y+<H7 3 -(t x) = E(t)~ 25”11 ¥
conformal cosmological Poisson-Euler equatlons on My with initial data
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