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Einstein–Yang–Mills equations with Λ > 0

Einstein–Yang–Mills (EYM) equations with a positive cosmological
constant Λ > 0 is given by

G̃ab + Λg̃ab = T̃ab,

D̃aF̃ab = 0,

D̃[aF̃bc] = 0,

where G̃ab = R̃ab − 1
2 R̃g̃ab is the Einstein tensor of the metric g̃ab and

the stress energy tensor of a Yang–Mills field is defined by

T̃ab = F̃a
c · F̃bc −

1

4
g̃abF̃

cd · F̃cd .

Let G denote a compact and connected Lie group with Lie algebra G.
Due to the compactness, we lose no generality in taking G to be a
matrix group.
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Given a n-dimensional, connected Lorentzian manifold (M̃n, g̃ab), a

connection ω̃ on a G -principal bundle over M̃n can be expressed in a
gauge as a local G-valued 1-form Ãa on M̃n, which is referred to as a
gauge potential. The curvature of the connection ω̃ is then
determined locally by the G-valued 2-form F̃ab on M̃n defined by

F̃ab = ∇̃aÃb − ∇̃bÃa + [Ãa, Ãb],

where [·, ·] is the Lie bracket on G, i.e. the matrix commutator
bracket, and ∇̃a is the covariant derivative associated to g̃ab. We
recall also that the Yang–Mills curvature F̃ab automatically satisfies
the Bianchi identities

D̃[aF̃bc] = 0,

where D̃a = ∇̃a + [Ãa, ·] denotes the gauge covariant derivative of a
G-valued tensor.
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de Sitter spacetime

de Sitter spacetime (M̃n, g̃
ab

) is obtained by equipping

M̃n = R× Sn−1 with the de Sitter metric defined by

g̃
ab

= −(dτ)a(dτ)b + H2 cosh2(H−1τ)hab

where the constant H is determined by

H =

√
(n − 2)(n − 1)

2Λ
,

hab is the standard metric on Sn−1, and τ is a Cartesian coordinate
function on R.
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Conformal picture of de Sitter
Introduce the conformal time function t via

t =
1

H

(π
2
− gd(H−1τ)

)
i.e. τ = H gd−1

(π
2
− Ht

)
where gd(x), known as the Gudermannian function, is defined by

gd(x) =

∫ x

0

1

cosh s
ds = arctan

(
sinh(x)

)
, x ∈ R,

gd−1(x) =

∫ x

0

1

cos t
dt = arctanh(sin x), x ∈

(
−π

2
,
π

2

)
.

Then, the de Sitter metric can be written as

g̃
ab

= e2Ψg
ab

where Ψ = − ln

(
sin(Ht)

H

)
∼ − ln(t)

and
g
ab

= −H2(dt)a(dt)b + hab

is the conformal de Sitter metric.
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Important remark on the conformal spacetime

The pair (Mn =
(
0, πH

)
× Σ, g

ab
) defines a spacetime that is

conformal to the de Sitter spacetime where, by construction, future
timelike infinity of the de Sitter spacetime is mapped to the boundary
component {0} × Σ of Mn.

Statement of Main Theorem is in terms of the physical picture since
it is good for local existence in the temporal gauge. Main proof is in
terms of the conformal picture since it is good for global stability by
Fuchsian formulations.
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Very brief reviews on de Sitter-like stability

Dimensional dependent methods

H. Friedrich (1986), the vacuum dS4 stability (Conformal method
with conformal invariants).

M. Anderson (2005), the vacuum dSn stability for any even n ≥ 4
(Conformal, Fefferman-Graham tensor).

H. Friedrich (1991), dS4-like stability for the
Einstein-Maxwell-Yang-Mills field.

Dimensional dependent methods

H. Rinström (2008), the nonlinear dSn-like stability for any n ≥ 4 for
Einstein-scalar field.

C. Svedberg (2011), Rinström ’s result was extended to
Einstein-Maxwell-Scalar field (Lorentz gauge).
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Brief reviews on the FLRW stability for Einstein-Euler
system

de Sitter-like stability

I. Rodnianski, J. Speck, C. Lübble, J. Kroon and M. Hadžić
(2013,2014,2015), NL stability of FLRW with Λ > 0 and linear EOS
for 0 < K < 1/3, K = 1/3 and K = 0 respectively.

T. Oliynyk (2016), NL stability of FLRW with Λ > 0 and linear EOS
for 0 < K ≤ 1/3 (using Fuchsian type system).

T. Oliynyk, C. L., P. Lefloch and C. Wei (2017-2020), NL stability of
FLRW with Λ > 0 for various nonlinear EOS and related cosmological
Newtonian limit problems (using Fuchsian type system).

Other non-de Sitter-like stability: L. Andersson, J. Wang, D. Fajman, et al
for FLRW-like (Λ = 0) to Einstein-Klein-Gordon, Vlasov, ......
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Variables and gauge choices in the Main Theorem

Note in the main proof of the global stability, we use the conformal
picture and use slightly changed varibles and gauges.

Decompose the physical Yang–Mills field by

Ẽb = h̃ab F̃apT̃
p and H̃db = h̃cd F̃cah̃

a
b .

where T̃ a = (−λ̃)−
1
2 g̃ab(dτ)b and h̃cd = δcd + T̃ c T̃d .

Temporal gauge: ÃaT̃
a = 0.

Wave gauge: Z̃ a = 0, where (this form can kill the “bad” terms in
the conformal picture)

Z̃ a = X̃ a − 2(g̃ ac − g̃ ac)(dΨ)c + n(g̃ ac − g̃ ac)(dΨ)c − (g̃ fe − g̃ fe)g̃ ac g̃
fe

(dΨ)c

and

X̃ a = −∇̃e g̃
ae +

1

2
g̃ ae g̃df ∇̃e g̃

df .

Here, ∇̃e denotes the covariant derivative associated to the de Sitter metric g̃
ab

and Ψ is the conformal factor.
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Main Theorem (rough)

Suppose Λ > 0, s ∈ Z> n+1
2

, and the Hs -initial data satisfy the constraint

equations. Then there exists a constant σ > 0 such that if the initial data
satisfy smallness condition

‖(g̃ab(0)− g̃ab(0), ∇̃d g̃
ab(0), Ãa(0), Ẽa(0), H̃ab(0))‖Hs ≤ σ,

then there exists a unique solution (g̃ab, Ãa) to the Einstein–Yang–Mills
equations on [0,∞)× Σ with regularity

(g̃ab, ∇̃d g̃
ab, Ãa, Ẽa, H̃ab) ∈ C 0

(
[0,∞),Hs(Σ)

)
∩ C 1

(
[0,∞),Hs−1(Σ)

)
that satisfies the temporal and wave gauge constraints ÃaT̃

a = 0 and
Z̃ a = 0 on [0,∞)× Σ. Moreover, there exists a constant C > 0 such that
for all τ ∈ [0,∞),

‖Ãa(τ)‖Hs + ‖Ẽa(τ)‖Hs + ‖H̃ab(τ)‖Hs ≤ Cσ

‖g̃ ab(τ)− g̃ ab(τ)‖Hs + ‖∇̃d g̃
ab(τ)‖Hs ≤ C

(π
2
− gd(H−1τ)

)2

σ (∼ Ct2σ).
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Remarks on the Main Theorem
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Tool: Fuchsian formulations of Einstein–Yang–Mills system

Bµ∂µu =
1

t
BPu + G in [−1, 0)× Tn,

u =u0 on {−1} × Tn.

Some main assumptions of this system
1 P is a constant, symmetric projection operator (Pick up decay

variables by P).
2 1

γ1
I ≤ B̊0 ≤ 1

κB̊ ≤ γ2I (Give right signs and determine dissipative
effects).

3 (Bµ)T = Bµ, [P,B] = PB− BP = 0.
4 P⊥B0(t,P⊥u)P = PB0(t,P⊥u)P⊥ = 0.
5 |P⊥[DuB

0(t, u)(B0)−1BPu]P⊥|op ≤ α|t|+ β|Pu|2.
6 ...... e.g., G somehow allows ∼ 1/t (extra condition) and ∼ 1/

√
t......

(3, 4, 5 gives how the variables coupling to each other), and some
regularity assumptions on the coefficients and remainders. Advantage:
allow suitable coupling of variables.
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The Global Existence Theorem of the Cauchy problem of
Fuchsian equations

Theorem (Oliynyk, 2016)

Suppose that k ≥ n
2 + 1, u0 ∈ Hk(Tn) and above conditions are fulfilled.

Then there exists a T∗ ∈ (−1, 0), and a unique classical solution
u ∈ C 1([−1,T∗]× Tn) that satisfies
u ∈ C 0([−1,T∗],H

k) ∩ C 1([−1,T∗],H
k−1) and the energy estimate

‖u(t)‖2
Hk −

∫ t

−1

1

τ
‖Pu‖2

Hkdτ ≤ CeC(t+1)(‖u(−1)‖2
Hk )

for all −1 ≤ t < T∗, where C = C (‖u‖L∞([−1,T∗),Hk ), γ1, γ2, κ), and can
be uniquely continued to a larger time interval [T0,T

∗) for all
T ∗ ∈ (T∗, 0] provided ‖u‖L∞([−1,T∗),W 1,∞) <∞.

This basic theorem has been generalized to more difficult cases and two
parameter scales problems in the subsequent works by Oliynyk, L., Beyer,
Olvera-Santamaŕıa.
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Intuitive toy model of Cauchy problem for Fuchsian system

Rough idea: The following ODE dominated behaviors.
Consider an ODE

∂tu =
β

t
u + (−t)−1+pF (t), where 0 < p ≤ 1, β > 0, t ∈ [−1, 0).

Then

∂t

(
u −

∫ t

−1

β

s
uds
)

= (−t)−1+pF (t).

Integrating it yields

u −
∫ t

−1

β

s
uds . u0 + 1− (−t)p.

Further solving u leads to optimal decay estimates.

The previous Theorem is obtained by adding conditions to make sure
the Fuchsian system behaves like this toy model.
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Fuchsian fields
1. Conformal transform

gab := e−2Ψg̃ab, Fab := e−ΨF̃ab and Aa := e−
Ψ
2 Ãa,

2. 3 + 1 Metric decomp. (νa = H(dt)a, νa = gabνb and hab = δab + νaνb)

λ := gabνaνb, ξc := gabνah
c
b and hab := hach

b
dg

cd ,

3. Fuchsian gravitational field variables (rough)

m =
1

Ăt
(λ+ 1), pa =

1

B̆t
ξa, md = ∇dλ−

1

J̆Ht
(λ+ 1)νd ,

pad = ∇dξ
a − 1

K̆Ht
ξaνd , sab = hab − hab,

sabd = ∇d(hab − hab), s = q, sd = ∇dq,

where q = λ+ 1 + (3− n) lnS and hab =
1

S
hab

4. 3 + 1 Fuchsian Yang-Mills field variables in a temporal gauge Aaν
a = 0

Āb = Aah
a
b, Eb = −νpFpahab, Ea = −habEb, and Hdb = hcdFcah

a
b.
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Remarks on the variables

Suitable combinations kill higher order singular terms (getting the
correct decay rate! )

1/τ coeff. package more decays in the variables

The to be determined constant coeff. Ă, B̆, J̆... are also crucial for
killing bad terms, and the selections of them depend on the spacetime
dimensions and they in fact helps to get correct decays.

the conformal transform Fab := e−ΨF̃ab and Aa := e−
Ψ
2 Ãa are not

optimal but it is easy for formulating to the Fuchsian system (not
sharp in the Fuchsian, hence it is easy to verify the conditions). To
amend this defect and to get the optimal decay, we improve the
decay estimates by rescaling the conformal Yang–Mills fields,(

E̊e , E̊d , H̊ab, Ås

)tr
= diag{t−1, t−1, t−1, t−

1
2 }
(
Ee ,Ed ,Hab, Ās

)tr
.

Still a Fuchsian formulation and a posteriori estimate is obtained.
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Fuchsian formulations of EYM system
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Fuchsian expression of Einstein equations

Physical Einstein equation

R̃ab −
2

n − 2
Λg̃ab = T̃ab −

1

n − 2
T̃ g̃ab.

Conformal Einstein equation

Rab = (n − 2)(∇a∇bΨ−∇aΨ∇bΨ) +

(
2Ψ + (n − 2)∇cΨ∇cΨ +

n − 1

H2
e2Ψ

)
g ab

+ T ab − 1

n − 2
Tg ab,

where Tab = Fa
cFbc − 1

4gabF
cdFcd , T ab = g acgbdTcd , T = gcdT

cd , and we note

that Tab = T̃ab and T = e2ΨT̃ .
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Conformal wave gauge

we set

Z a = X a + Y a

where

X a := gbcX a
bc = −∇eg

ae +
1

2
gaegdf∇eg

df ,

Y a = −(n − 2)∇aΨ + ηa with ηa = (n − 2)∇aΨ = − n − 2

tan(Ht)
νa.

The conformal wave gauge that we employ for the conformal Einstein
equations is then defined by the vanishing of the vector field, that is,

Z a = 0.
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The reduced Einstein equations are obtained from the Einstein equations
by adding the term −∇(aZb) − 1

n−2A
ab

cZ
c that vanishes when the wave

gauge Z a = 0 holds. The resulting equations are given by

Rab−∇(aZ b) − 1

n − 2
Aab

cZ
c = T ab − 1

n − 2
g abg cdTcd + (n − 2)(∇a∇bΨ−∇aΨ∇bΨ)

+

(
2Ψ + (n − 2)∇cΨ∇cΨ +

n − 1

H2
e2Ψ

)
g ab,

where Aab
c is defined by

Aab
c = −X (aδb)

c + Y (aδb)
c ,

3 key choices of this transform

Conformal factor: Ψ = − ln
( sin(Ht)

H

)
(partially include decay informations);

Wave gauge: Zµ = 0 and the source function Y a := −(n− 2)∇aΨ + (n− 2)∇aΨ;
(Designed for killing redundant high order singular terms by costing nothing);

Variables: Proper variables (Designed for killing higher order singular terms).
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Eventually, the reduced conformal Einstein equations becomes

1

2
g cd∇c∇dg

ab + Rab + Pab + Qab +
1

n − 2
X aX b − (n − 2)νcg

c(aνb)

+
n − 2

2 tan2(Ht)
νa(gbc − gbc)νc +

n − 2

2 tan2(Ht)
νb(gac − gac)νc

=
n − 2

2 tan(Ht)
νc∇cg

ab +

(
λ+ 1

sin2(Ht)
+ (n − 2)

)
gab + gbdF acFdc

− 1

2(n − 2)
gabF cdFcd .
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Fuchsian fields
1. Conformal transform

gab := e−2Ψg̃ab, Fab := e−ΨF̃ab and Aa := e−
Ψ
2 Ãa,

2. 3 + 1 Metric decomp. (νa = H(dt)a, νa = gabνb and hab = δab + νaνb)

λ := gabνaνb, ξc := gabνah
c
b and hab := hach

b
dg

cd ,

3. Fuchsian gravitational field variables (rough)

m =
1

Ăt
(λ+ 1), pa =

1

B̆t
ξa, md = ∇dλ−

1

J̆Ht
(λ+ 1)νd ,

pad = ∇dξ
a − 1

K̆Ht
ξaνd , sab = hab − hab,

sabd = ∇d(hab − hab), s = q, sd = ∇dq,

where q = λ+ 1 + (3− n) lnS and hab =
1

S
hab

4. 3 + 1 Fuchsian Yang-Mills field variables in a temporal gauge Aaν
a = 0

Āb = Aah
a
b, Eb = −νpFpahab, Ea = −habEb, and Hdb = hcdFcah

a
b.
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Decompose above eq into νc -direction and projections by hc
d , we arrive at λ+ 1, ξa and

hab − hab satisfy the wave equations

1

2
g cd∇c∇d(λ+ 1) + Pabνaνb + Qabνaνb +

1

n − 2
X aX bνaνb

=
n − 2

2 tan(Ht)
νc∇c(λ+ 1) +

n − 3

sin2(Ht)
+

(λ+ 1)2

sin2(Ht)
(λ+ 1)− (n − 2)(λ+ 1)

+
(
νaνbg

bdg aâ − 1

2(n − 2)
λgdâ

)
g cĉ(Hâĉ − Eâνĉ + νâEĉ)(Hdc − Edνc + νdEc),

1

2
g cd∇c∇dξ

e + Pabνah
e
b + Qabνah

e
b +

1

n − 2
X aX bνah

e
b

=
n − 2

2 tan(Ht)
νc∇cξ

e +
n − 2

2 tan2(Ht)
ξe + (λ+ 1)ξe

1

sin2(Ht)
+

1

2
(n − 2)ξe

+
(
νah

e
bg

bdg aâ − 1

2(n − 2)
ξegdâ

)
g cĉ(Hâĉ − Eâνĉ + νâEĉ)(Hdc − Edνc + νdEc),

and
1

2
g cd∇c∇d

(
hef − hef

)
+ he

ah
f
bP

ab + he
ah

f
bQ

ab +
1

n − 2
he

ah
f
bX

aX b

=
n − 2

2 tan(Ht)
νc∇c

(
hef − hef

)
+ hef λ+ 1

sin2(Ht)
+ (n − 2)(hef − hef )

+
(
he

ah
f
bg

bdg aâ − 1

2(n − 2)
hef gdâ

)
g cĉ(Hâĉ − Eâνĉ + νâEĉ)(Hdc − Edνc + νdEc),
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Moreover q and hab − hab satisfy the wave equations

1

2
g cd∇c∇dq −

3− n

2(n − 1)
g cd∇chef∇dh

ef +
3− n

n − 1
habP

ab +
3− n

n − 1
habQ

ab

+
3− n

(n − 1)(n − 2)
habX

aX b + Pabνaνb + Qabνaνb +
1

n − 2
X aX bνaνb

=
(n − 2)

2 tan(Ht)
νc∇cq + (λ+ 1)2 1

sin2(Ht)
− (n − 2)(λ+ 1) +

(3− n

n − 1
habg

bdg aâ

− 3− n + λ

2(n − 2)
gdâ + νaνbg

bdg aâ
)
· g cĉ(Hâĉ − Eâνĉ + νâEĉ)(Hdc − Edνc + νdEc),

and

1

2
g cd∇c∇d(hab − hab)− 1

2
g cd∇c(S−1

L
ab
ef )∇dh

ef + S−1
L

ab
ef h

e
ah

f
bP

ab

+ S−1
L

ab
ef h

e
ah

f
bQ

ab +
1

n − 2
S−1

L
ab
ef h

e
ah

f
bX

aX b

=
n − 2

2 tan(Ht)
νc∇c(hab − hab)− (n − 2)S−1

L
ab
cd (hcd − hcd)

+ S−1
L

ab
ef h

e
ah

f
bg

bdg aâg cĉ(Hâĉ − Eâνĉ + νâEĉ)(Hdc − Edνc + νdEc),

respectively.
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Remark on equations of these strange variables

Ideas: We use these strange variables since the remainders of these
equations only include the ∼ 1/t singular terms (in order to obtain the
target Fuchsian formulations) without higher order singular terms
(otherwise, there are higher singular terms)! Suitable transformations of
the original variables and linear combinations are applied (to kill the higher
order singular terms like ∼ 1/t2).
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We use repeatedly the symmetrizing tensor Qedc defined by

Qedc = νegdc + νdg ec − νcg ed , (i .e.,Qedc = Qdec)

to symmetrize the system. e.g.,

νe(g cd∇cs
ab
d ) = Qedc∇cs

ab
d − (νdg ec∇cs

ab
d − νcg ed∇cs

ab
d )

= Qedc∇cs
ab
d − νdg ec(∇c∇ds

ab −∇d∇cs
ab)

= Qedc∇cs
ab
d + νdg ec(R a

cdf s fb + R b
cdf s fa).

Remark: The advantage will be clear in Yang–Mills equations.
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Along with Qedc , we also use the time rescaled perturbation variables m,
md , pad , sab... (with parameter Ă,...) to rewrite above equations (write the
2nd order wave eqs. into the 1st order symmetric hyperbolic system and
lengthy calculations...),

− Ā0
1ν

c∇c

−νeme

he
ême

m

+ Āc
1h

b
c∇b

−νeme

he
ême

m

 =
1

Ht
B̄1

−νeme

he
ême

m

+ Ḡ1(t,U),

− Ā0
2ν

c∇c

−νepa
e

he
êp

a
e

pa

+ Āc
2h

b
c∇b

−νepa
e

he
êp

a
e

pa

 =
1

Ht
B̄2

−νepa
e

he
êp

a
e

pa

+ Ḡ2(t,U),

− Ā0
3ν

c∇c

−νes âb̂ehe
ês

âb̂
e

s âb̂

+ Āc
3h

b
c∇b

−νes âb̂ehe
ês

âb̂
e

s âb̂

 =
1

Ht
B̄3

−νes âb̂ehe
ês

âb̂
e

s âb̂

+ Ḡ3(t,U),

− Ā0
4ν

c∇c

−νesehe
êse
s

+ Āc
4h

b
c∇b

−νesehe
êse
s

 =
1

Ht
B̄4

−νesehe
êse
s

+ Ḡ4(t,U),
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where

Ā0
1 =

−λ 0 0
0 hf ĉh

f ê 0
0 0 Ĕ(−λ)

 , Āc
1h

b
c =

 −2ξb −hêb 0
−hf ĉh

fb 0 0
0 0 0

 ,

B̄1 =

(n − 2− 1
J̆

)
(−λ) 0

(
2− 1

J̆

) (
1
J̆
− n + 3

)
Ă
H

(−λ)

0 1
J̆
hf ĉh

f ê 0
ĔH

Ă
(−λ) 0 Ĕ

(
1
J̆
− 1
)

(−λ)

 ,

Ḡ1(t,U) =

 νe4e
1(t,U)

hĉe4
e
1(t,U)
0

 , Ḡ2(t,U) =

 νe4ea
2 (t,U)

h
d̂e
4ea

2 (t,U)
0

 ,

Ā0
3 =

−λ 0 0
0 hfah

f ê 0
0 0 −λ

 , Āc
3h

b
c =

 −2ξb −hêb 0
−hfah

fb 0 0
0 0 0

 ,

B̄3 =

−λ (n − 2) 0 0
0 0 0
0 0 0

 , B̄4 =

−λ (n − 2) 0 0
0 0 0
0 0 0

 ,

Ḡ3(t,U) =

 νe4eâb̂
3 (t,U)

hae4
eâb̂
3 (t,U)

λνes âb̂e

 , Ḡ4(t,U) =

 νe4e
4(t,U)

hâe4
e
4(t,U)

λνese

 .

C. Liu (HUST) de Sitter stability for EYM system April 16, 2022 31 / 49



Fuchsian expression of Yang–Mills equations
The conformal Yang–Mills equations

∇aFab = −(n − 3)∇aΨFab − e
Ψ
2 gac [Ac ,Fab],

∇[aFbc] = −∇[aΨ · Fbc] − e
Ψ
2 [A[a,Fbc]],

noting

∇aFbc = ∇aFbc − X d
abFdc − X d

acFbd ,

then

gba∇bFac =
(n − 3)

tan(Ht)
gbaνaFbc + X dFdc + gbaX d

bcFad −
√
H√

sin(Ht)
g ab[Ab,Fac ],

∇[bFac] =
1

tan(Ht)
ν[bFac] −

√
H√

sin(Ht)
[A[b,Fac]].

Question: How to express above system into the Fuchsian form? Symmetrizing
operator Qedc like Einstein equations?
Answer: Yes! and No!
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Symmetrization of the Yang–Mills system
Step 1: Qedc -Symmetrization:
Multiplying the 1st YM equation (conservation) on both sides by the
spatial projection tensor hab gives

Qedc∇cFdah
a
b +

=νdg ec (∇cFad+∇dFca)hab. Using the 2nd YM eq. Bianchi eq. to replace︷ ︸︸ ︷
(−νdg ec + νcg ed)∇cFdah

a
b

=
(n − 3)

tan(Ht)
νegdcνcFdah

a
b + νeX dFdah

a
b + νeg âb̂X d

âa Fb̂dh
a
b

−
√
H√

sin(Ht)
νeg cd [Ad ,Fca]hab.

Decomposing Fab to Ef and Hlf , and using the relation between Fab and Aa in
the temporal gauge,

−A0νc∇c

Eâ

Hl â

Āâ

+ Ac
â h

ĉ
c∇ĉ

Ef

Hlf

Āf

 =
1

Ht
B

Eâ

Hl â

Āâ

+
1√
t

Ξ1â

Ξh
2â

Ξ3â

+

∆̂1â

∆̂h
2â

∆̂3â

 ,

C. Liu (HUST) de Sitter stability for EYM system April 16, 2022 33 / 49



Denoted, in this talk, by EHA-equation

−A0νc∇c

Eâ

Hl â

Āâ

+ Ac
â h

ĉ
c∇ĉ

Ef

Hlf

Āf

 =
1

Ht
B

Eâ

Hl â

Āâ

+
1√
t

Ξ1â

Ξh
2â

Ξ3â

+

∆̂1â

∆̂h
2â

∆̂3â

 ,

where

A0 =

−λ 0 0
0 hhl 0
0 0 1

 , B =

−(n − 3)λ −(n − 4)ξl 0
0 hhl 0
0 0 1

2

 ,

Ac
â h

ĉ
c =


−2hf âg

dcνdh
ĉ
c + hĉ âg

dcνdh
f
c −hf âhl ĉ 0

break the symmetry︷ ︸︸ ︷
hĉ âh

hf − hf âh
hĉ 0 0

0 0 0

 ,

and there exists constants ι > 0 and R > 0 such that the maps Ξi , ∆̂i ,
i = 1, 2, 3, are analytic for (t,U) ∈ (−ι, πH )× BR(0).
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Symmetrization of the Yang–Mills system
Step 2: New variable Ea-Symmetrization: To remedy the defect from the
red term, supplement with an additional equation by introducing a new
variable Ea to symmetrize it (ideas from C.L. and J. Wang: New
formulations of EYM system and local existence. But significant difference
(later)).

Introduce a new variable

Ea = −g eb̂haeEb̂,

note that the Eb and Ea are related by

Ea = −hab̂Eb̂ and Eb = −Eagab − g eb̂νeEb̂ν
agab.

and supplement an additional equation (νc× the first YM equation)

gba∇bEa =
B̆(n − 3)t

tan(Ht)
pbEb + (X dEd + νcgbaX d

bc Fad)−
√
H√

sin(Ht)
hab[Āb,Ea],
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Mention the following equation, in this talk, EEHA equation

−Ǎ0νc∇c


Ee

Ed̂

Hâb̂

Ās

− Ǎf hc
f∇c


Ee

Ed̂

Hâb̂

Ās

 =
1

Ht
B̌


Ee

Ed̂

Hâb̂

Ās

+
1√
t


−Ξ1ê

hdâΞ1â

−haâΞb
2â

hraΞ3a

+


D]

1ê

D]d
2

D]ab
3

D]r
4

 ,

where

Ǎ0 =


−λha

êgbah
b
e −λνrgrshs

êξ
d̂ 0 0

−λνrgrshs
eξ

d
[
−λhd̂d − λνrνsgrsξdξd̂ + 2ξdξd̂

]
0 0

0 0 hâahb̂b 0
0 0 0 hrs

 ,

Ǎf hc
f =


2ξcha

êgbah
b
e

[
2ξcνrgrsh

s
ê + hc

ê

]
ξd̂ −hâchb̂

ê 0[
2ξcνrgrsh

s
e + hc

e

]
ξd

[
2νrνsgrsξ

cξd̂ξd − 2ξ(dhd̂)c + 2ξchd̂d
]
−hâdhb̂c 0

−hachb
e −had̂hbc 0 0

0 0 0 0

 ,

B̌ =


−(n − 3)λha

êgbah
b
e 0 0 0

0 −(n − 3)λhd̂d 0 0

0 0 hâahb̂b 0
0 0 0 1

2
hrs

 ,

and there exist constants ι > 0 and R > 0 such that the maps D]
1ê(t,U), D]d

2 (t,U),

D]ab
3 (t,U) and D]r

4 (t,U) are analytic for (t,U) ∈ (−ι, π
H

)×BR(0) and vanish for U = 0.
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Important remark

EEHA equation is not equivalent to the conformal Yang–Mills equations expressed
in the temporal gauge Adν

d = 0. This is because the relation Ee = −heaEa

cannot be recovered from a solution (Ee ,Ed ,Hab, Ās) even in Ee = −heaEa holds
initially. Consequently, we cannot guarantee that the Yang–Mills equation will
hold for a solution. However, it is true that if (Ea, Āb) solves the conformal
Yang–Mills system in the temporal gauge, then the quadruple (Ee , Ed , Hpq, Ās),
where Ee = −heaEa and Hpq is given in terms of Āa, will solve EEHA eq. .
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Complete reduced Einstein–Yang–Mills system

Let

Û = (−νeme , h
e
ême ,m,−νepae , h

e
êp

a
e , p

a,−νes âb̂e , h
e
ês

âb̂
e , s

âb̂,−νese ,
heêse , s,E

e ,Ed ,Hâb̂, Ās)tr.

to get the complete non-degenerated singular symmetric hyperbolic system

−Â0νc∇cÛ + Âbhcb∇cÛ =
1

Ht
B̂Û + Ĝ (t, Û),

Verifications of Fuchsian system:

By choosing parameters Ă, B̆, J̆, K̆, Ĕ, F̆ (crucial with some tricks, and this selection
reflects the decay rates of EYM fields evolving with time) correctly for different
dimensions n ≥ 4, above system becomes the Fuchsian equation (long
verifications......OMIT, see our paper for detailed verifications ). Then the global
existence theorem of the Cauchy problem of Fuchsian equations conclude the
Main Theorem for EYM system.
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A sketch of the proof of Main Theorem
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A sketch of the proof of Main Theorem

Step 1: A local solution of the Einstein–Yang–Mills equations.

Y. Choquet-Bruhat: wave gauge + Lorentz gauge (hyperbolic form of
EYM). She pointed out “the global results may be quite different”.

C. L. and J. Wang (2021), our companion paper: a new symmetric
hyperbolic formulation of EYM. Fit for this global stability for EYM.
(Use this result! )

Basic ideas of our companion local paper:

The similar symmetrization (Qedc symmetrization and Ea

symmetrization) has been applied.

We transform the EYM equations to the symmetric hyperbolic system
and using the standard theory of symmetric hyperbolic system to
conclude the local existence.

However, things are not so perfect......
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Remarks on the local existence

Main Difficulties and Methods:

Question: Under the similar symmetrization (Qedc symmetrization and Ea

symmetrization), The EYM equations can not be “equivalent to” the
symmetric hyperbolic system (or Fuchsian in this talk, only one direction is
correct). Since during solving the symmetric hyperbolic system (or

Fuchsian), we removed the constraint Ea := −g eb̂haeEb̂ = −hab̂Eb̂ (this
constraint may not hold during the evolutions), the def. of the new
variable Ea. Therefore, SEYM ⊂ SF , where SEYM denotes the solution set
of the EYM system and the solution set of the symmetric hyperbolic
system. This implies although we can obtain a unique solution to the
symmetric system, it does not means this unique solution is a solution to
the EYM system.

C. Liu (HUST) de Sitter stability for EYM system April 16, 2022 43 / 49



Remarks on the local existence

Answer: To solve this question, very roughly speaking, key tricks:

We decompose all the similar YM-variables (3 + 1 decompositions) by

T a := (−λ)−
1
2 gab(dt)b instead of νa := gab(dt)b;

The temporal gauge is chosen by AaT
a = 0 instead of Aaν

a = 0;

Under this variables and temporal gauge, we can prove the constraint

Ea = −hab̂Eb̂ (with the other YM constraints) hold during the
evolutions for the symmetric hyperbolic system if it holds initially.
Therefore, the EYM equations are “equivalent to” the symmetric
hyperbolic system. Furthermore, the unique solution to sym.
hyp.syst. is the unique solution to the EYM equations.
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Remarks on the Step 1
Using the above local existence of EYM equations and continuation
principle, if we want to extend the solution, we have to control the
solution bounded at the local interval.

By transforming this local solution to the conformal picture with a
slightly different temporal gauge (roughly speaking, AaT

a = 0
becomes Aaν

a = 0), we are able to use above Fuchsian formulation
(with the 2nd temporal gauge and conformal picture) to achieve this
boundness and further use the continuation principle to extend the
solution to global.

This involves a temporal gauge transformation, in order to connect
the estimates of variables in two temporal gauges, we have to
investigate the gauge transform and estimate the transforms. i.e. we
have to estimate the group ũ (§6 in our paper, need some work)
which is given by gauge transform

Ãa = ũ−1Ã?aũ + ũ−1(d ũ)a (i .e., F̃ab = ũ−1F̃ ?abũ).
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Step 2 and 3

Step 2: A local solution of the reduced conformal EYM system.

After the conformal and the slightly temporal gauge transforms, we
transform the previous local solution (in Step 1) to a local one of the
reduced conformal EYM system under target wave and temporal
gauge in this article, which prepares the solution to the Fuchsian
system.

Step 3: A local solution of the Fuchsian system.

By the global existence theorem and estimates of solution of Fuchsian
system, we conclude the Fuchsian system has a unique global
solution. Since EYM system “implies” the Fuchsian system (the
contrary may not correct), the solution in Step 2 must be the unique
solution of the Fuchsian system.
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Step 4 and 5

Step 4: Fuchsian initial data bounds.

In order to use the Fuchsian system to estimate the solution, we have
to know the initial data of the Fuchsian system which comes from the
small data in Step 1. Using conformal and gauge transforms to
transform the data.

Step 5: Global existence and stability.

After knowing the Fuchsian data small, we can use the global
existence thereom of Fuchsian system to conclude the boundness of
the Fuchsian variables which, by conformal and gauge transforms
again, implies the boundness of the local solution in Step 1.
Furthermore, back to Step 1, we achieve the aim of Step 1 and
continuation principle conclude the Main Theorem. Complete the
proof.

C. Liu (HUST) de Sitter stability for EYM system April 16, 2022 48 / 49



Thank you
for your attention!
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