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Einstein—Yang—Mills equations with A > 0

e Einstein-Yang—Mills (EYM) equations with a positive cosmological
constant A > 0 is given by
E;ab + /\gab = :i_aby
Da,:_ab =0,
D[ai:bc] =0,

where @ab = f\’ab — %f?grab is the Einstein tensor of the metric g,5 and
the stress energy tensor of a Yang—Mills field is defined by

1
F - *gabF F

‘nz

Tab
@ Let G denote a compact and connected Lie group with Lie algebra ¢.
Due to the compactness, we lose no generality in taking G to be a

matrix group.
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@ Given a n-dimensional, connected Lorentzian manifold (77N”l" Zab), A
connection & on a G-principal bundle over . M" can be expressed in a
gauge as a local G-valued 1-form A, on M", which is referred to as a
gauge potential. The curvature of the connection @ is then
determined locally by the ¢-valued 2-form F,p on M" defined by

F_ab = @a/ab - @b/z\a + [/Z\a, /Z\b],

where [, ] is the Lie bracket on (¢, i.e. the matrix commutator
bracket, and V, is the covariant derivative associated to g,,. We
recall also that the Yang—Mills curvature Fap automatically satisfies
the Bianchi identities o

D[anc] =0,

where D, = V, + [/2\‘-,,7 -] denotes the gauge covariant derivative of a
(G-valued tensor.
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de Sitter spacetime

@ de Sitter spacetime (ﬁf”, gab) is obtained by equipping
M" =R x S"1 with the de Sitter metric defined by

., = —(d7)a(d7)s + H* cosh®(H™'7)hy
where the constant H is determined by

~ [(n=2)(n—1)
H=\"n

h,;, is the standard metric on S"~!, and 7 is a Cartesian coordinate
function on R.
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Conformal picture of de Sitter
Introduce the conformal time function t via

t= % (g - gd(H_lT)) ie. 7=Hgd (g - Ht)

where gd(x), known as the Gudermannian function, is defined by

1
gd(x) :/0 p Sds = arctan(sinh(x)), x €R,

1 T
d(x) = dt = arctanh(si (-2.2).
gd " (x) /0 st arctanh(sinx), x € 57

Then, the de Sitter metric can be written as

in(Ht
g, = Vg , Wwhere W= —In (sm( )> ~ —In(t)

= La H
and
g, = —H(dt)a(dt)s + b,y

is the conformal de Sitter metric.
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Important remark on the conformal spacetime

@ The pair (M" = (0, %) X X, gab) defines a spacetime that is
conformal to the de Sitter spacetime where, by construction, future
timelike infinity of the de Sitter spacetime is mapped to the boundary
component {0} x X of 1711".

@ Statement of Main Theorem is in terms of the physical picture since
it is good for local existence in the temporal gauge. Main proof is in

terms of the conformal picture since it is good for global stability by
Fuchsian formulations.
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Very brief reviews on de Sitter-like stability

Dimensional dependent methods

@ H. Friedrich (1986), the vacuum dS, stability (Conformal method
with conformal invariants).

@ M. Anderson (2005), the vacuum dS,, stability for any even n > 4
(Conformal, Fefferman-Graham tensor).
@ H. Friedrich (1991), dSs-like stability for the
Einstein-Maxwell-Yang-Mills field.
Dimensional dependent methods

@ H. Rinstrom (2008), the nonlinear dS,-like stability for any n > 4 for
Einstein-scalar field.

e C. Svedberg (2011), Rinstrom 's result was extended to
Einstein-Maxwell-Scalar field (Lorentz gauge).
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Brief reviews on the FLRW stability for Einstein-Euler
system

de Sitter-like stability

@ |. Rodnianski, J. Speck, C. Liibble, J. Kroon and M. Hadzi¢
(2013,2014,2015), NL stability of FLRW with A > 0 and linear EOS
for 0 < K <1/3, K=1/3 and K = 0 respectively.

e T. Oliynyk (2016), NL stability of FLRW with A > 0 and linear EOS
for 0 < K < 1/3 (using Fuchsian type system).

e T. Oliynyk, C. L., P. Lefloch and C. Wei (2017-2020), NL stability of
FLRW with A > 0 for various nonlinear EOS and related cosmological
Newtonian limit problems (using Fuchsian type system).

Other non-de Sitter-like stability: L. Andersson, J. Wang, D. Fajman, et al
for FLRW-like (A = 0) to Einstein-Klein-Gordon, Vlasov, ......
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Variables and gauge choices in the Main Theorem
@ Note in the main proof of the global stability, we use the conformal
picture and use slightly changed varibles and gauges.

@ Decompose the physical Yang—Mills field by
By = T Fon TP and  Flap — € P,

where T2 = (—=X)"2§26(d7), and b, = 6, + T T,
@ Temporal gauge: A, T2 =0.
o Wave gauge: 72 =0, where (this form can kill the "bad” terms in
the conformal picture)
Za — )"'<a _ 2(gac _ gaC)(dw)C + n(gac _ gac)(dw)c _ (g_fe _ gfe)ganfe(dw)c

and

~ - 1 e, =~ .
Xa — 7vegae + Egaegdfzegdf-

Here, V. denotes the covariant derivative associated to the de Sitter metric g,
and V is the conformal factor.
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Main Theorem (rough)

Suppose A > 0, s € L, ni1, and the H*-initial data satisfy the constraint
2

equations. Then there exists a constant ¢ > 0 such that if the initial data

satisfy smallness condition

12*°(0) — £°°(0), X4&7°(0), Aa(0), E(0), Hab(0))[[1= < o,

then there exists a unique solution (gab,l\a) to the Einstein—Yang—Mills
equations on [0,00) X X with regularity

(8°°, V48", As, Ea, Hap) € C°([0, 00), H*(Z)) N C*([0, 00), H* (X))

that satisfies the temporal and wave gauge constraints A, T2 =0 and
Z% =0on [0,00) X X. Moreover, there exists a constant C > 0 such that
for all 7 € [0, 00),

1As(T) |1 + 1E(r)l s + | Han(7) | < Co
. — = g s _ 2
187°(7) = 8°(7) | ks + IV (7)l|1s < C (5 — gd(H 17)) o (~ Ct20).
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Remarks on the Main Theorem
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Tool: Fuchsian formulations of Einstein—Yang—Mills system

1
B*0,u =EBPu +G in[-1,0) x T",
u=up on {—1} x T".

Some main assumptions of this system
© P is a constant, symmetric projection operator (Pick up decay
variables by P).

Q %]I <BY< %é < 7,1 (Give right signs and determine dissipative

effects).

@ (B4 =B*, [P,B]=PB-BP=0.

Q@ P1Bt,Ptu)P = PBO(t,Ptu)Pt =0.

@ |PL[D,B(t,u)(B%)*BPu]P|o, < aft] + B|Pul?.

Qo . e.g., G somehow allows ~ 1/t (extra condition) and ~ 1//t......
(3,4,5 gives how the variables coupling to each other), and some
regularity assumptions on the coefficients and remainders. Advantage:
allow suitable coupling of variables.
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The Global Existence Theorem of the Cauchy problem of
Fuchsian equations

Theorem (Oliynyk, 2016)

Suppose that k > 2 +1, ug € H*(T") and above conditions are fulfilled.
Then there exists a T, € (—1,0), and a unique classical solution

u € CY([-1, T,] x T") that satisfies

ue Co[-1, T.], H*) n C}([~1, T.], H*~1) and the energy estimate

@
1
lu(e) 1 — /1 ~[[Pullfudr < Ce“ I (Jlu(=1) 13

forall =1 <t < T, where C = C({|ul| o (j_1,7.),H¥), V1, V25 £), and can
be uniquely continued to a larger time interval [To, T*) for all
T* € (T.,0] provided [|u|| oo ([—1,7.),Ww1o0) < 0.

This basic theorem has been generalized to more difficult cases and two
parameter scales problems in the subsequent works by Oliynyk, L., Beyer,
Olvera-Santamaria.
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Intuitive toy model of Cauchy problem for Fuchsian system

@ Rough idea: The following ODE dominated behaviors.
Consider an ODE

Oru = §u+ (—t)"*PF(t), where 0<p<1,8>0,tc[-1,0).
Then

8t(u - /tl guds> — (—t)"HPE(1).

Integrating it yields

‘B
u—/ ;ud55u0+1—(—t)p.
-1

Further solving u leads to optimal decay estimates.

@ The previous Theorem is obtained by adding conditions to make sure
the Fuchsian system behaves like this toy model.
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Fuchsian fields
1. Conformal transform

a2V I a5
8ab 1= € 8ab, Fap:=e€ "Fy and Aj:i=e 2A,,

2. 341 Metric decomp. (v, = H(dt),, v® = g*Pvp, and h?, = 62, + 17vp)

A= gabVaVba EC = gabyahcb and hab = hachbdgcd7

3. Fuchsian gravitational field variables (rough)

1 1 1
m:T)\+1, a:Ta, mZV)\_ui)\—i-]_ s
AT =gl ¢ = VoA = g, (A + g
1
S v L a, , Sab: ab_hab’
P'a = V4€ KHt§ d b h

Sabd = zd(bab - hab)7 $=4dq, S54= qua

1
where g=A+1+(3—n)InS and hab:§hab

4. 3+ 1 Fuchsian Yang-Mills field variables in a temporal gauge A;v? =0

Ap = Ash®y,  Ep=—1vPFpah®,, 8" =—hPEy, and  Hay = hyFeah?.
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Remarks on the variables

@ Suitable combinations kill higher order singular terms (getting the
correct decay rate! )

@ 1/7 coeff. package more decays in the variables

@ The to be determined constant coeff. &, B, J... are also crucial for
killing bad terms, and the selections of them depend on the spacetime
dimensions and they in fact helps to get correct decays.

~ v o~

o the conformal transform F,, := e YF,, and A, := e 2 A, are not
optimal but it is easy for formulating to the Fuchsian system (not
sharp in the Fuchsian, hence it is easy to verify the conditions). To
amend this defect and to get the optimal decay, we improve the
decay estimates by rescaling the conformal Yang—Mills fields,

° ° ° ° tr . ~1 -1 -1 _1 = tr
(ge’ Eda Habv AS) = dlag{t 0ot 5t 2} (‘ge, Ed’ Haba As) .
Still a Fuchsian formulation and a posteriori estimate is obtained.
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Fuchsian formulations of EYM system
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Fuchsian expression of Einstein equations

Physical Einstein equation

- 2 . 1 ..
Rab - —/\gab = Tab - A Tgab-
n—2 n—2

Conformal Einstein equation

-1
R = (n=2)(V?VPW - V2UVPW) + (D"’ +(n-2)VUVY + T ezw> g

1
Tab . T ab
+ o8

where T,p = F3Fpc — %gabFCchd, T2 = ggbT 4, T = gy T, and we note
that Top = Tap and T =27,
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Conformal wave gauge

we set

73 =X24Y?
where

1

X2 — gchabC — _zegae + Egaegdfzegdf7
n—2
Yé = —(n—-2)V?V a ith n? =(n-2)VV¥ = — 2,
(n=2)VW 497 with 77 =(n-2)V tan(He)”

The conformal wave gauge that we employ for the conformal Einstein
equations is then defined by the vanishing of the vector field, that is,

Z7=0.
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The reduced Einstein equations are obtained from the Einstein equations
by adding the term —V(2.2b) — ﬁAabCZC that vanishes when the wave
gauge Z2 = 0 holds. The resulting equations are given by

1
Rabiv(azb) o mAabCZc _ Tab _ igabgcd Ty + (n _ 2)(vavbw _ vawvbw)

c n—1 a
+ (\Z\\U +(n =2V + = e”) g”,

where A?’_ is defined by
Aabc _ _X(a(sb)c + Y(a(sb)m
3 key choices of this transform

@ Conformal factor: ¥ = — In(%) (partially include decay informations);

@ Wave gauge: Z* = 0 and the source function Y? := —(n —2)V?V + (n - 2)V?V;
(Designed for killing redundant high order singular terms by costing nothing);

@ Variables: Proper variables (Designed for killing higher order singular terms).
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Eventually, the reduced conformal Einstein equations becomes

1 1
Engszdgab‘f‘Bab‘f‘Pab‘f‘Qab‘f’mxaxb (n_ )ch a b)

n—2 a(  bc bc n—2 br __ac ac
+ 2tan2(Ht)V (g g et 2tan2(Ht)V (& 8" )ve
— e _9 a FaF

1 b cd
— g FUF .
2(”-2)g cd
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Fuchsian fields
1. Conformal transform

a2V I a5
8ab 1= € 8ab, Fap:=e€ "Fy and Aj:i=e 2A,,

2. 341 Metric decomp. (v, = H(dt),, v® = g*Pvp, and h?, = 62, + 17vp)

A= gabVaVba EC = gabyahcb and hab = hachbdgcd7

3. Fuchsian gravitational field variables (rough)

1 1 1
m:T)\+1, a:Ta, mZV)\_ui)\—i-]_ s
AT =gl ¢ = VoA = g, (A + g
1
S v L a, , Sab: ab_hab’
P'a = V4€ KHt§ d b h

Sabd = zd(bab - hab)7 $=4dq, S54= qua

1
where g=A+1+(3—n)InS and hab:§hab

4. 3+ 1 Fuchsian Yang-Mills field variables in a temporal gauge A;v? =0

Ap = Ash®y,  Ep=—1vPFpah®,, 8" =—hPEy, and  Hay = hyFeah?.
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Decompose above eq into v°-direction and projections by hj, we arrive at A + 1, £ and
h?® — h?" satisfy the wave equations

1
ingzczd(A + 1) + PabVaVb + Qabl/al/b + %Xasz/ayb

- %V‘YC(A +1)+ si:%:‘jt) + iijz;:; (A1) = (n—2)(A+1)
+ (Vaubgbdgaé - ﬁ)\gdg)gce(%e — Esve + v3E2)(Hae — Eqve + vgEe),
%g“’zczd&e + PPty + Qvah, + ﬁX"Xbuaheb
:#_(ilt) Ve +m;(2m)£e+(A+l)£em+%(n—2)ge
+ (Vaﬁebgbdgag - ﬁfegdé)gce(k’é& — Esve + vsEe)(Hae — Eqve + vgEc),

and
}gcdv \V4 (hef o hef) +he hf Pab+he hf Qab+ 1 he hf XaXb
2 —~c¥d = —~a=b —a—b n_zfafb
n—2 ef ef ef )\ +1 ef ef
— h™ —h™ ) +h —2)(h" —h
~ 2tan(Ht)” Ve < - > sin®(Ht) (n=2)(h )

e aa 1 e 3 ce
+ (h hfbgbdg - mh fgd )g (Hse — Esve + vaEe)(Hac — Eqve + vaEc),
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Moreover g and h?® — h? satisfy the wave equations

Engzcvdq - 3_7ng‘:d2chsfzdhef + ’31: :habpab + i_ nhaanb

2(n—1)
3—n

-1

1
ha XaXb Pab , ab . XaXb .,
+7(n_1)(n_2) b + PPvav + Q Valh + —— Valp

(n—2)

3—n+A 4 bd a3

—2
3-n

1 —n 5
_ c 1 2 _ _2 1 ha bd a3
2tan(he)” Ledt AT Sy ~ (=20 + D+ (5 qhees

T 20— 2)*g +vavng g ) -8 (Hse — Esve 4 v3Ee)(Hae — Eqve + voEe),

and

1 1 — a el - al e a
5gcdyczd(hab - hab) _ 5gcdyc(s 1£ bef )ydh f + 5 1£ befh ahbe b

+ Sfla[abefheahbeab + 1 Sfla[:abefﬁeahfbxaxb

n—2
n—2

= ¢ ab _ paby _ —1 pab cd _ ped
= Stan(H) " Y07 7 = (0= 2)STLT (97— %)

+ 5—1c€abef beahfbgbdgaéch(ng

respectively.
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Remark on equations of these strange variables

Ideas: We use these strange variables since the remainders of these
equations only include the ~ 1/t singular terms (in order to obtain the
target Fuchsian formulations) without higher order singular terms
(otherwise, there are higher singular terms)! Suitable transformations of
the original variables and linear combinations are applied (to kill the higher
order singular terms like ~ 1/t2).

C. Liu (HUST) de Sitter stability for EYM system April 16, 2022 28 /49



We use repeatedly the symmetrizing tensor Q% defined by
Qedc — Vegdc + ydgec _ ched (i.e. Qedc — QdeC)
to symmetrize the system. e.g.,

Ve(gcdzcsabd) — Qedczcsabd _ (Vdgeczcsabd . chedzcsabd)
— Qedczcsabd _ VdgeC(zczdsab _ zdzcsab)

— Qedczcsabd + UdgeC(BCdfanb + Bcdfbsfa)-

Remark: The advantage will be clear in Yang—Mills equations.
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Along with Q¥ we also use the time rescaled perturbation variables m,

my, p3, s3b . (with parameter I\) to rewrite above equations (write the

2nd order wave egs. into the 1st order symmetric hyperbolic system and
lengthy calculations...),

B _ —vme 1 [vome _
- A(IJVCYC beéme + A‘fhbclb beéme = mﬁl hséme + Gl(t7 U)7
m m m
) _Vepae ) _Vepae 1 _Vepae )
— RN, | b | + AN, | % | = B | Bt | + Go(t, V),
a a a
P P P
B —z/esé:e B —ueséje 1. —uesje B
_ AgVCZC heésébe + Aghbcyb heés.‘abe — ﬁt@3 heésébe + G3(t, U)’
SéB saB SAB
_ —1°se _ —°%se 1 —1%se _
- Agl’cyc heése + Aihbczb hsésé = m@4 hegse + G4(t7 U)a
s s s
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where

Y 0 0 —2eb ¥ 0
A= 0 h.h® 0o |, AR =[-h.r" 0 0],
0 0 E(-)) 0 0 0
_ [(r=2=5)(=») 0 2-3) (5-n+3) 4=
B = 0 %hfahfe 0 ’
EZ(-N) E(3-1)(-N)
_ veNi(t, U) _ veAS(t, U)
Gl(t7U) h A (t ) G2(t7U): haeAga(t7U) )
0 0
. -2 0 0 _ —26"  —h* 0
Al=|( 0o h.n® o], Ash®. = | —h,n® 0 0],
0 0 - 0 0 0
_ —)\(n—2) 0 0 _ -A(n=2) 0 O
Bs = 0 0 0}, By = 0 0 0],
0 0 0 0 0 0
ueAeab(t U) ) veN(t, V)
Gs(t,U) = | h, Agab(t ; Gu(t,U) = | hy.A4(t,U) | .
eab )\Vese
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Fuchsian expression of Yang—Mills equations
The conformal Yang—Mills equations

V2Fap = —(n— 3)VOWF., — 2 g*[Ac, Fap),
v
V[a":br:] = _v[aw ) Fbc] — ez [A[aa Fbc]]a

noting
VaFbe = Vo Foc — X3 Fac — X3 Fba,
then
ba (n=3) 4 d ba VH ab
VFEC— PVaFpe + X Fye + x4 F, —_— Ap, Facl,
£ >b Ht)g b de T & Tbclad T sm(Ht)g Ao Fac]

an(
1
Z[b Fac] - (

) Vb ac] \/%[A[M FaC]]'

Question: How to express above system into the Fuchsian form? Symmetrizing
operator Q% like Einstein equations?
Answer: Yes! and No!

NG A SR



Symmetrization of the Yang—Mills system
Step 1: QedC—Symmetrization:

Multiplying the 1st YM equation (conservation) on both sides by the
spatial projection tensor h?, gives

:udg"-‘f(ycFadercha)ﬁab. Using the 2nd YM eq. Bianchi eq. to replace

QEdCYC Fdaﬁab + (_Vdgec + ched)zc Fdahab

(n—3) i
= tan(H)” € CveFaah’y + VX Faalt®y + g7 X, Figh’y
H e _cd
_ Y egcdl Ay, Fulh,.
sin(Ht) g% [Aa. Fall',

Decomposing F,, to Ef and Hjs, and using the relation between F,, and A, in
the temporal gauge,

E; X Ef 1 E; 1 =13 élﬁ
~ AV, His | + A5h° N | Hir | = m@ His | + 7i =+ AL,
As Af Az =33 Az
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Denoted, in this talk, by EHA-equation

E; X Ef 1 E; 1 (= §1§
~ AN, | His | + A5h° N | Hie | = ﬁt@ Hpa | + i = |+ 2k,
A A A \z) \&s
where
-2 0 0 —(n=3)A —(n—4)¢" 0
A°=10 w0, ®B= 0 At 0],
0 0 1 0 0 3

_zhfggdcl/dﬁcc+hcggdcl/dhfc _hf At o
R break the symmetry
cpc

ﬂéh c

heghhf . bféhh?: 0 0 ’
0 0 0

and there exists constants ¢ > 0 and R > 0 such that the maps =;, 3,-,
i =1,2,3, are analytic for (t,U) € (—¢, ;) x Br(0).
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Symmetrization of the Yang—Mills system

Step 2: New variable §2-Symmetrization: To remedy the defect from the
red term, supplement with an additional equation by introducing a new
variable &7 to symmetrize it (ideas from C.L. and J. Wang: New
formulations of EYM system and local existence. But significant difference

(later)).

Introduce a new variable

&7 — _gelA)haeEB7

note that the E, and &7 are related by
&7 = —haBEE and Eb = —gagab — geBVeEBI/agab.

and supplement an additional equation (v€x the first YM equation)
B(n - 3)

t H
pPE, + (XUEy + v g XY, Foy) — vH

ba
V,E;= v
& bt tan(Ht) < sin(Ht)

hab[’_qba Ea]a
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Mention the following equation, in this talk, EEHA equation

8&e &¢ & —Z1 !,
y E, y E, 1 .| E 1 | k9=, D4
_AO ‘Y d _ Afhc \V4 d — @B d L 13 2 7
v Hap S| Hap Ht™ | Hap * Vi | —hP=2 * il
As As As ra:3a :‘Dgr
where
AR, ghah®, — A gish € 0 0
AO _ _/\V’grshsegd [—/\hdd _ )\Vrl/sgrsfdfd + 2£d§d] 0 0
0 0 Rep* 0 |’
0 0 0 h"
IS NN 26V g, + B7, €7 —h*hP, 0
Afhc _ [2£cyrgrshse + bce] éd [ VU grs£ {- é— 2£(dhd)c 25 hdd] 7h§dhbc 0
= f _hachbe _ had hbc 0 0
0 0 0 0
—(n = 3)Ah%.gbah®, 0 0 0
& — 0 —(n=3)Ar" 0 0
0 0 h¥pt® 0 |’
0 0 0 Lprs

2
and there exist constants ¢ > 0 and R > 0 such that the maps D%,(t, U), ©5(¢,U)
4%(t, U) and D}’ (t, U) are analytic for (t,U) € (—¢, %) x Bg(0) and vanish for U = 0.
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5/
|

)
W

, ) 1 .
—A% v + Go(t,U) + ﬁcl(t,u),
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Important remark

conformal Yang—Mills equations
VoF., = —(n—3)VWF,, — e7 g™ [Ac, Fap],
%
v[a’l:bc] = 7v[aw : Fbc] —e:z [A[aa Fbc]]a

I

&€ &€ &€
, E, ) E, 1. E , 1,
~A%cv d Afhe,v dl==a]| Go(t,U) + —=Gi(t, V),
VNV gy | AN g | T e |y | B0 a0 Y)
As As AS
EEHA equation is not equivalent to the conformal Yang—Mills equations expressed
in the temporal gauge Ayv? = 0. This is because the relation §° = —h*E,
cannot be recovered from a solution (8¢, E4, Hap, As) even in §° = —h*?E, holds

initially. Consequently, we cannot guarantee that the Yang—Mills equation will
hold for a solution. However, it is true that if (E,, Ap) solves the conformal
Yang-Mills system in the temporal gauge, then the quadruple (6%, Eq, Hpq, As),
where §° = —h®E, and H,q is given in terms of A;, will solve EEHA eq. .
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Complete reduced Einstein—Yang—Mills system

Let
G _ e he en?  he. p? a e 5b he ab _ab e
*(_V Me, N sMe, M, —V P o, N aP o, Py =V 'S oy M35 ¢, S, —V Se,
R _
Base, s, €, Eq, Hyp ALY

to get the complete non-degenerated singular symmetric hyperbolic system

~ o~ ~ 1 A~~~ o~
~A%°V U+ APh,V U = 78U+ 6(t,0),

Verifications of Fuchsian system:

vvvvvv

reflects the decay rates of EYIVI flelds evolving with time) correctly for different
dimensions n > 4, above system becomes the Fuchsian equation (long
verifications......OMIT, see our paper for detailed verifications ). Then the global
existence theorem of the Cauchy problem of Fuchsian equations conclude the
Main Theorem for EYM system.
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A sketch of the proof of Main Theorem
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A sketch of the proof of Main Theorem

Step 1: A local solution of the Einstein—Yang—Mills equations.

@ Y. Choquet-Bruhat: wave gauge + Lorentz gauge (hyperbolic form of
EYM). She pointed out “the global results may be quite different”.

e C. L. and J. Wang (2021), our companion paper: a new symmetric
hyperbolic formulation of EYM. Fit for this global stability for EYM.
(Use this result! )

Basic ideas of our companion local paper:

o The similar symmetrization (Q%c symmetrization and &2
symmetrization) has been applied.

@ We transform the EYM equations to the symmetric hyperbolic system
and using the standard theory of symmetric hyperbolic system to
conclude the local existence.

However, things are not so perfect......
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Remarks on the local existence

Main Difficulties and Methods:

Question: Under the similar symmetrization (Q¢¢ symmetrization and &2
symmetrization), The EYM equations can not be “equivalent to” the
symmetric hyperbolic system (or Fuchsian in this talk, only one direction is
correct). Since during solving the symmetric hyperbolic system (or
Fuchsian), we removed the constraint §? := —gez’ﬁaeEB = —haZ’EB (this
constraint may not hold during the evolutions), the def. of the new
variable 2. Therefore, Sgypys C Sk, where Sgyys denotes the solution set
of the EYM system and the solution set of the symmetric hyperbolic
system. This implies although we can obtain a unique solution to the
symmetric system, it does not means this unique solution is a solution to
the EYM system.
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Remarks on the local existence

Answer: To solve this question, very roughly speaking, key tricks:

@ We decompose all the similar YM-variables (3 + 1 decompositions) by
T? = (—)\)_%gab(dt)b instead of 1 := g2b(dt)y,;

@ The temporal gauge is chosen by A, T2 = 0 instead of A2 = 0;

@ Under this variables and temporal gauge, we can prove the constraint
&? = —h?E; (with the other YM constraints) hold during the
evolutions for the symmetric hyperbolic system if it holds initially.
Therefore, the EYM equations are “equivalent to” the symmetric
hyperbolic system. Furthermore, the unique solution to sym.
hyp.syst. is the unique solution to the EYM equations.
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Remarks on the Step 1

@ Using the above local existence of EYM equations and continuation
principle, if we want to extend the solution, we have to control the
solution bounded at the local interval.

@ By transforming this local solution to the conformal picture with a
slightly different temporal gauge (roughly speaking, A;T? =0
becomes A,v? = 0), we are able to use above Fuchsian formulation
(with the 2nd temporal gauge and conformal picture) to achieve this
boundness and further use the continuation principle to extend the
solution to global.

@ This involves a temporal gauge transformation, in order to connect
the estimates of variables in two temporal gauges, we have to
investigate the gauge transform and estimate the transforms. i.e. we
have to estimate the group i (§6 in our paper, need some work)
which is given by gauge transform

A, =i TAS + 0 (di),  (i.e., Fop = T 1F2 ).
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Step 2 and 3

Step 2: A local solution of the reduced conformal EYM system.

@ After the conformal and the slightly temporal gauge transforms, we
transform the previous local solution (in Step 1) to a local one of the
reduced conformal EYM system under target wave and temporal
gauge in this article, which prepares the solution to the Fuchsian
system.

Step 3: A local solution of the Fuchsian system.

@ By the global existence theorem and estimates of solution of Fuchsian
system, we conclude the Fuchsian system has a unique global
solution. Since EYM system “implies” the Fuchsian system (the
contrary may not correct), the solution in Step 2 must be the unique
solution of the Fuchsian system.
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Step 4 and 5

Step 4: Fuchsian initial data bounds.

@ In order to use the Fuchsian system to estimate the solution, we have
to know the initial data of the Fuchsian system which comes from the
small data in Step 1. Using conformal and gauge transforms to
transform the data.

Step 5: Global existence and stability.

o After knowing the Fuchsian data small, we can use the global
existence thereom of Fuchsian system to conclude the boundness of
the Fuchsian variables which, by conformal and gauge transforms
again, implies the boundness of the local solution in Step 1.
Furthermore, back to Step 1, we achieve the aim of Step 1 and
continuation principle conclude the Main Theorem. Complete the
proof.
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Thank you
for your attention!
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