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PHYSICS OF OUR DAYS.

Reviews of Modern Physics -y
_ What p

important and interesting (thirty years later, already on the verge of
XXI century)?

Nonlinear Jeans Instability

PACS numbers OLSS. +5,0190.+¢

of physics and seem now to be especially

V L Ginzburg

26. Quasars and galactic nuclei. Formation of galaxies.

We have in fact also touched upon problem 26, more
precisely, the question of quasars and galactic nuclei. The
question of the formation of galaxies, which was somewhat
artificially combined with the preceding question, constitutes
a special chapter in cosmology. The theoretical part of its
contents includes the analysis of the dynamics of density and
velocity inhomogeneities of matter in the expanding Uni-
verse. At a certain stage, these inhomogeneities increase
greatly to form the so-called large-scale inhomogeneities of
matter in the Universe. This process ends with the appearance
of galaxies and galactic clusters. I repeat again that this is a
whole field of cosmology (see, in particular, Ref. [126]). The
synthesis of chemical elements in the course of Universe
expansion is in a sense a similar problem. This is also an
interesting and important problem which might well have
figured in the ‘list’, but it is already largely inflated and
something should be sacrificed. The choice is, of course, not
at all unambiguous.
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§1. Introduction
(Equations, goals, motivations and main results)

C. Liu (HUST) Nonlinear Jeans Instability



Final Goals of this Project

The fully nonlinear Jeans-type instabilities for the Euler—Poisson system
and the Einstein—Euler system.

The Recently Completed Work (This talk!)

The fully nonlinear Jeans-type instabilities for a simplified toy model: a
quasilinear wave equation with several difficult nonlinear terms which
models the Euler—Poisson and Einstein—Euler system in some aspects.

Ongoing Work
The fully nonlinear Jeans-type instabilities for the Euler—Poisson and 2nd

order perturbations (Bardeen invariants, by Hwang, Noh) of Einstein—Euler
system.

v

Expecting some opinions from the audiences

The fully nonlinear Jeans-type instabilities for the Einstein—Euler system:

1. The definition of density contrast is ill-defined due to gauge dependent.

2. The covariant fractional density gradient by Ellis and Bruni (1989)? same mechanism
for 1st order, different for 2nd order?
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Histories

@ Nonlinear stabilities of FLRW with A > 0: Ringstrom (2008,
Invent. Math.), Rodnianski-Speck (2013, JEMS), Oliynyk (2016,
CMP), L-Oliynyk (2018, CMP & AHP),

@ Nonlinear stabilities of FLRW for polytropic fluids and nonlinear
EOS: L-Wei (2021, AHP, v > 4/3)

© Stabilities of de Sitter-type for Einstein-Yang-Mills: Fridrich
(1991, JDG, n = 4), Anderson (2005, AHP, n =even numerbers),
L-Oliynyk-Wang (2024,JEMS, n > 4)

© Nonlinear Jeans instabilities: L-Shi (2022, Phys. Rev. D), L
(2023, SIAM J. Math. Anal. & Phys. Rev. D), L (2025, Math.
Ann.), L (2023, 2024, 2025; arXiv)
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Equations and goals

do— (Tl(ftj))z +4(k —m?)(1+ 9)> Ao = F(t,0,0.0)

where the nonlinear source terms are

2 1 4 (0 2

F(t.0.0u0) == 0(l+0) —30e0 + 3 (1 f)
—— —— o

(i) self-increasing (i) damping (i) Riccati

d:0)? i ij
- <m2% +4(k —m?)(1+ 9)) q'9i0 —K'(t, 0,8,.0)d:00;0.

(iv) convection

Oimte = B + h(x¥) and  digliet, = Bo + wo(x¥) , in{to} x R",
N~~~ N—— ~—~ N——
const. inhomogeneity const. inhomogeneity

@ (Goal) Find self-increasing blowup solutions (formations of nonlinear cosmological
structures).

@ (Result) The solutions can attain arbitrarily large values over time, leading to
self-increasing singularities at some future endpoints of null geodesics, provided the
inhomogeneous perturbations of data are sufficiently small (long wave feature!).
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After time transform t — In t, the equation becomes:

f(at9)2

i
0:
31+o0 +89 00

y 2 4
2 I —
Oro —8"0i0j0 = g50(1+0) — 300+
1 . . * n
- t_2KU(t7 0, 8ug)algajg7 In [t07 t ) x R )
Q’t:to = B —+ w(xk) and 81-,Q|t:t0 = ,80 + wO(Xk)a in {tO} X Rn7

where

.. s s 2 e
g’ =g"(t, 0,0:0) := g(t, 0, 0r0)0” = (mz% +4(k —m?) ! ; 9)5’1.

@ Now focus on this equation!! A time transform t — e’ leads back to
the previous equation.
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A short version for the motivation

Relate to the famous problem in astrophysics:

Important astrophysical question

o Cosmological perturbation theories (linear, higher order
approximations) by e.g., Jeans, Bonner, Lifshitz, Bardeen, Hawking,
Ellis, Bruni, Zel'dovich, Peebles, Brandenberger, Mukhanov, Hwang,
Noh... (long lists in astrophy.). Stability/instability;

o (Jeans instability) The formations of the nonlinear cosmological
structures;

o (Core mathematical mechanism) Nonlinear Jeans-type instability.
Rare mathematical studies currently.

@ A toy model for above system. Neglecting rotations, shears of the
fluids, and tidal forces, Euler—Poisson (or Einstein—Euler) leads to this
type of QNLW.
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Main Theorem shown by one picture

Charted/Uncharted bdry T

Sol. unknown domain

I\K

nhomog. sol. dom. 7

L el

Char. coniod C

B‘/Homog. sol. dom. H

Rough expression of the main theorem

If the initial inhomogeneities ||(4,1o)]||x are sufficiently small, then
t=t(t,x) — t, and o(t,x*) — f(t) and their derivatives as well of the reference
ODEs, at least within a sufficiently large domain D close to [to, t,) x R”.

C. Liu (HUST)
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Rough expression of the main theorem

If the initial inhomogeneities ||(1, 10)]||x are sufficiently small, then

t=t(t,x) — t, and o(t,x¥) — f(t) and their derivatives as well of the
reference ODEs, at least within a sufficiently large domain D close to
[to, tm) X R" where f(t) solves an ODE,

RF(H) + 20uf (1) - gf(t)(l + (1) - (@ F(1)* =0,

1+f(t)
f(to))=B>0 and O:f(to) = o > 0.

Moreover, ,
e 1S oft,x) () S s — 1,
Const. — t3
and if the initial data 3o 2 3, then
1 1
————— 15t X))~ () S ——— - L,
(t~3 — Const.)3 Const. — t3
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Main Theorem

Sol. unknown domain
I\K

Charted/Uncharted bdry T
(

nhomog. sol. dom. 7

L el

Char. coniod C

Homog. sol. dom. H

=] =1 |z = o0

C = {(t»X) € [to, tm) X R”

t
x| =1 +/t gy, f(¥) fo(y))dy} .
0

Remark (directional bias)

The direction of convection is assumed to be constant and can be normalized g’ = |q|6{.
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Main Theorem

Suppose k € Zg+3, A, B, C, D are constants depending on the initial data
B and [y, as defined in the article, and that Assumptions hold. Let

(¥, 10) € C}(R™) be given functions with supp(«, 1) = B1(0), f(t) be
the solution to the key reference ODE (later!). Then there exist sufficiently
small constants og > 0 and &g > 0, such that if the initial data satisfy

_153
10l (1 (0)) + 101Nl (1 (0)) + 10l iy (o)) < € %0 0%,
then there exists a hypersurface t = T (x, do) satisfying
Fso := {(t,x) € [to, tm) X R" | t =T (x,00)} C Z, a_Iimoo T (ad},80) = tm

li 0o) =t
50'33+T(X’ W) =

such that there is a solution o € C?(K U#H) to the main equation where
K :={(t,x) € [to, tm) x R" | t < T(x,00)} satisfying
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Main Theorem (conti.)

@ if we denote

_ 50
N1 and l+(x1) ::1+Ccrge %0 e

Ko

1 2 —32 o
_(x7):=1— Coge 8667 2

Nel, as P +o00,

then there are estimates for (t,x) € K N Z,

1Mo +1- (M) (E— t) < oot x) < 14 (<N (to + 14 (<M)(t — 1)),

.

50

— 50 1
—Cole 20 e™ T (14 F(to+1_(xM)(t — 1)) < oit, x) < Code 20 e™ T (14 £(to + 1. ()¢t — 1)),

1- (<N (to + 1= (6M)(t — 19)) < e(t, x) < 14 (MF (o + Ly (xM)(t — 19)).

Moreover, both gp and o reach the self-increasing singularities at the point py, := (tm, +o0, 0

-, 0):
lim o= lim f = 400,
K5(t,x)—pm K3(t,x)—pm
lim 00 = lim fo = +oo and lim i =0.
K3(t,x)—pm K3(t,x)—pm K3(t,x)—pm
@ o =ffor(t,x) € H.
y
C. Liu (HUST)
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Main Theorem (conti.)

@ the growth rate of o can be estimated using visualizable functions

2
ot %) 21_ (M) (to + 1_ ()t — 1) > 1_ (1) (010D _ gy
and
1 1 3 1
o(t, x) <Ly (x)f(to + 14(x)(t — 1)) < 5 A 7 — 1
A i — 3
S B+ 1 6d)( — )3

forall (t,x) € KN ZT.
@ if the initial data satisfy B = % — 1 > 0, then o has an improved lower bound, indicating finite-time blowups.

o(t,x) > 1_ (x")f(to + 1_ (x")(t — t9)) > 1_(x) - thd —1

3
(589 (1 + 1_ ()t = 10)) 5 — )’

for all (¢, x¥) € K N Z.
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Generations

remark

The convection term introduces a directional bias in gg', causing the wave
to propagate more strongly in a particular direction depending on the sign

and magnitude of gq'.

Charted/Uncharted bdry T

Sol. unknown domain

Inhomog, $ol. dom. T

Charted/Uncharted bdry 7°

Sol. unknown domain

Inhomog.

sol. dom. T

Char. coniod ¢ Char. coniod €
n./H(lllxng sol. dom. H D‘/Hunmp,. sol. dom. H
T xr
ol =1 2] = 00 el =1 7] = 00
Figure: ¢' = |q|d; Figure: ¢’ o< x'/|x|
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§2. Backgrounds: classical Jeans instabilities
(only include classical ones without further developments in astrophy.)
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Classical Jeans instability (Static, Euler—Poisson system)

Dir‘ﬂ +B\‘60{p) =0
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Classical Jeans instability (expansion)
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Generalizations to Einstein-scalar-Gauss-Bonnet theory

In the Einstein-scalar-Gauss-Bonnet (EsGB) theory, the similar linear
mechanism as the Jeans instability

Jeans instability = tachyonic instability
However, in the nonlinear level,
Jeans instability # tachyonic instability

In the nonlinear level, the only analytic studies (on ODE level) are

e (With Chihang He) Existence and bounds of nonlinear singularity-free
cosmological solutions in a string-inspired gravity. arXiv:2512.00455.

o (With Chihang He, Jinhua Wang) Proofs of singularity-free solutions
and scalarization in nonlinear Einstein-scalar-Gauss-Bonnet
cosmology. arXiv:2507.15304.
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§3. Our previous works on Jeans instabilities
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Our previous works on nonlinear Jeans instability

o (Extremely simplified nonlinear model) (with Yiging Shi) Rigorous
proof of slightly nonlinear Jeans instability in the expanding
Newtonian universe. Physical Review D (PRD), 2022, 105(4):
043519.

o (Mathematical model) Blowups for a class of second order nonlinear
hyperbolic equations: a reduced model of nonlinear Jeans instability.
Math. Ann. 2025, 393, 317-363

@ (New exact Jeans instable solution to Euler-Poisson) Fully nonlinear
gravitational instabilities for expanding Newtonian universes with
inhomogeneous pressure and entropy: Beyond the Tolman's solution.
Physical Review D (PRD), 2023, 107(12): 123534.

@ (Nonlinear Jeans instability for Euler-Poisson with specific source)
Fully nonlinear gravitational instabilities for expanding spherical

symmetric Newtonian universes with inhomogeneous density and
pressure. arXiv:2305.13211.

C. Liu (HUST) Nonlinear Jeans Instability May 28, 2026 23 /54



Article 2: Composite nonlinearities but with synchronizable

sources

c—k
m(atQ(X“))2

Dolxt) + 200(x") — Zo()(1+0(x") -

= kF(1),

Oli=t, = é(Xi) >0 and 0:0]t=¢, = éO(Xi) >0,
where O := 8? — Ag = 6? — g’f(t)a;aj,
a>1, b>0, 1<c<3/2
2 2 2
i) o MO @F(0))?

(14 f(1))? 1+f(t)’
where m € R is a given constant and f(t) solves an ODE,

and F(t):=

A1) + S0uF(1) = FAO(L+ 1) ~ T3 7y (WF (O =

f(t0)=,3>0 and 81;( ) Bo > 0.
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The solutions of ODEs

ORA(1) + S0u7(1) = RO+ ) ~ 13 75 (WF (O =
f(to))=F >0 and 0O:f(ty) = Po > 0.
Theorem

Q t, €[0,00) exists and t, > to;

@ (Blowups) there is a constant tn, € [t,, 0], such that there is a
unique solution f € C2([tg, tm)) to the ODE, and

lim f(t) =400 and lim fy(t) = +o0.

t—tm t—tm

© (Estimates of growth rates of ) f satisfies upper and lower bound estimates,

1+f(t)>exp(0t¥ —i—Dt_l) for t € (to, tm);

1+ f(t) <(At™7 +Bt7 +1)7" for t€ (to,ts).
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(1) + S0u7(1) = AL+ ) — {3 7y (WF (O =
f(to):,B>0 and 6t( ) Bo > 0.

Theorem
Furthermore, if the initial data satisfies 5y > a(1 + 3)/(cto), then
Q t, and t* exist and finite, and ty < t, < t* < o0;

@ there is a finite time t, € [ts, t*), such that there is a solution
f € C%([to, tm)) to the ODE, and

tll[?m f(t) =400 and lim fy(t) = +oo.

t—tm

© (Improved lower bounds, finite time blowups) the solution f has improved
lower bound estimates, for t € (to, tm),

(1+8)(1 —Ef +E)S < 14 £(1).
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The solutions to the PDEs

—k

T g0 Peet)? = KF (D)

Doe#) + 2000(x) — 5 o(x)(1+0(x") -

0lt=ty = é(Xi) >0 and 0:0lt=¢, = @O(Xi) >0,

@ Conclusions: g has self-increasing singularities at t = t,, and has the
growth rates ~ f.
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The ideas

@ Methods: Fuchsian formulations.

1
B"0,.u :¥BPu +G in[-1,0) x T",
u =up on {—1} x T".

Thm by Oliynyk (2016) then by Beyer, Olvera-Santamaria (2020)
implies the solution exists globally in [—1,0) x T".
@ The compactified time

T:=—g(t)=— exp(—A/t wds)

to 52 fb(S)

o>

_ <1+bB/tsa‘zf(s)(1+f(s))l_cds)_ e [-1,0).

to
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Summary of tools

Fuchsian GIVP;
The reference ODE of f;

Hidden quantities and identities of f (distinguishing Singular and
Regular-7 terms);

Time compactifications.
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Article 3&4: Nonlinear gravitational instabilities

The dimensionless and normalized Euler—Poisson system
dep + 9i(pv') = 0,
i

D .
orv' + vfajv’+7p+8’¢20

s+ vidis =0,
A = 599,00 = 4mp.
The equation of state becomes
p= Kesp% +p, forK>0.

There is an exact solution on (t,x*) € [to, 00) x R3,

o 3 o _4 | o2 o f k 2 i
p(t):W, p(t) = Kt 30yx*x'p3 +p, Vi(t,x ):ax,

. 2 3

o(t,x*) = 37rpc5ux xJ = o 25,Jx 'xI, 5(t,xK) = In(t™ 304X kx!ysgn(i= ),
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We construct solutions

L3
o) = (14 F(8)p(t) = L)

6wtz
2O
(t X ) 3tX — mx 7

i 2.5 B4+ F(1))]x|?

o(t,x") = §7rp(1 + f(t))|x]? = ( 9t(2 ) |x| 7
s(t,xk) - |n(t‘%(1 + f)%éklxkxl)g’g”(l_bz’).

and the density contrast o(t) = f(t) where |x|2 := §;;x'x/ and f(t) is a
solution of the following nonlinear ODE,
2 A(f'(t))”
f(t —f’ f(t)(L+f(t)) ——0——F——==0
(6)+ 5570 = 32 O+ A(2) — 311 s =0
f|t:to =B and  flemgy =3(1+B).

4
Moreover, the pressure becomes p(t) = —K4
(6m)3t4
@ Result: Self-increasing singularities.
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Article 3&4: Nonlinear gravitational instabilities

The dimensionless and normalized Euler—Poisson system

EoS is

dep + 9i(pv') =0,

N . o
8tv'—|—v18jv’+TP—i—@’qﬁ:D’(t,xJ,p, vk,s,d)),

81_“5 + Viais :S(t>Xj? 2 Vk’ S, Qb),
A = 599,06 =brp.

p:Kesp% for K > 0.

@ S and D provide the synchronizable source like F.

@ Transform to a type of Article 2;

@ Self-increasing singularities.
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Eventually, we arrive at

4 ) . . 4(315@)2 .
1 ———— =F;, Article 2's eq.
Dgd + <3t i f)atg 3220+ 0) =3 g =F Article 2s eq
f
O + 3(1—3-{)V64V =Gy, Transport eq.,

where the wave operator is

Og = 07 — g*0% + 28% 0.0,
. Qro@-2a+ot R 2 00 fo y
= 9¢2 1+f)  91+fR > & T3a+n”

g
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$§4. Emergence of nonlinear Jean-type instabilities for QNLW
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After time transform t — In t, the equation becomes:

_ T _(8t9)

1 ij . n
- t_QKJ(tv 0, auQ)a,Qan, In [t07 t*) x R y
Ole=ty = B+(x*) and  deole—t, = Bo + Yo(x*), in{to} x R",

920 — g9;0;0 = 3t2 0 +g9'00

where

o ) B 140\
gJ = gj(tﬂ 0, at‘Q) = g(t) 0, 8ttg)5j = < 2 ( tg) +4(k_ m2) t2 Q>5J

(1+02
Remark
Self-increasing/Riccati terms (dominant) ~ 40 f(1+f)
elf-increasing/Riccati terms (domina 310f " 38
1
but damping terms ~ —ﬁﬁtf —2f5(1 + f).
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Main Theorem shown by one picture
t

Charted/Uncharted bdry T

I\K

by

Sol. unknown domain

i ;

nhomog. sol. dom. 7

Char. coniod C

o[ =1

A few words about the Proof

|z = o0

E‘/Homog. sol. dom. H

@ Want to transform the wave eq. to a Fuchsian formulation by previous techniques, but fails;

@ No synchronizing terms, compactified time fails;

@ Construct a companion system which can be transformed to a Fuchsian formulation. It shares the same solution with

the wave eq. in the lightgrey domain.

C. Liu (HUST) Nonlinear Jeans Instability
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Thank you
for your attention!

$5. Ideas of the proofs (Extra materials below)
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Ideas and Fuchsian direction

@ Basic direction: the Fuchsian method (need time compactifications
and Fuchsian variables)!

@ Require time compactifications [tg, t,) — [—1,0). How?
Idea: Intro. a compactified time like “Try 2"7
Difficulty: Fail! Since there is no synchronized term (synchronizing
source term synchronize the blowup time to 0), and it is high possible
that the solution blows up at different time (if it blows up!). The
compactified time works only if the blow up time can be synchronized
and the perturbations do not change the blowup times (if blwoup at
infinity, it may still work)

@ Define the compacitified time 7 = g(t, x) for t by solving the equation

ABo(t,x") (—g(t,xi)) satl
t5(o(t, x1) +1)3

atg(taxi) = )

g(to,Xi) =-1
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Compactified time [to, t,,) — [—1,0)

@ Overcome diff.: Intro. two compactified time:
(1) for the reference solution (sol. to ref. ODE), use “try 2"
compactified time;

T:g(t):—(1+§B/t

- 0
Increasing

t 3A

s (s)(1+ f(s))’%ds>_7 e [-1,0).

It synchronizes the blowup time of the reference solution. However,
the perturbations may not blowup at this time, blowup time may
deviate it.

@ In order to be comparable (this may not hold!), we intro the
compactified time analogue to this

3A

r=g(t,x') = —(1 + is/tts—?:g(s,x")u + g(s,x"))—%ds)_7 € [-1,0).

@ Wrong compactified time leads wrong structures and fails. It is crucial how
to choose it. Need guess and experiments!

C. Liu (HUST) Nonlinear Jeans Instability May 28, 2026 39/54



Remark: Comparisons of ¢ and f

Wrong:  o(t,x) — f(t) (when there is a synchronizing term as Try 2);
Correct: o(7, k) — £(7) (align the variables by compactified time 7).
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ODE equivalence of the compactification

The compacitified time can be reexpressed in terms of two ODEs:

ABo(t,x') (—g(t,x')) %+

o) = e+ 1)

9

W=

g(to,Xi) =—1.

and

FO)(F() +1)  ABF(t)(—a(t) "3

W0 ==A0 k0 T G )]

g(to) =—1.

@ These ODEs provide the Jacobian and determine how the coordinate
transforms develop. We must solve the variant of the main equation
concurrently with the coordinate equation.

@ They provide some hidden identities.
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The first coordinate transform

We express the main equation to a singular hyperbolic system (1st order)
in terms of (7, () given by

r=g(t,x") and (¢ =x'
Its inverse transformation denote
t=b(r,¢') and x' =¢
and satisfies a ODE (Why? Since it is Fuchsianable)
bt ) HCO e
b(~1,¢") =ty

@ We do not give the coordinate transform directly but give it by an evolution

equation (similar to the wave coordinates, perturbed Lagrangian
coordinates, etc.)

@ b and b¢ := Jd¢b become unknown variables since they describe the

coordinate transform and this transform has been solved from an equation.
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Singular symmetric hyperbolic system

k)
o Intro. perturbation variables: e.g. u(r,(k) = w

@ Using a lot of hidden relations derived from the reference ODE and
the quantities x and & in “try 2" we can have a singular symmetric
hyperbolic equation (similar to “try 2").

o Comparing with “Try 2", this method has already lead to the
Fuchsian system and it is done! However, now it can not be achieved.
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Lemma

1 . 1
0 — Aoy =—
AU + =AU = AU +F,
T T
where U := (UOa uj, U,B/,Z) ’ F= (SuaySUJagua‘SBHSZ) ’
1 7 ’ 0 0 O 0 Hi 0 0 O
Ze (S+2)5 0 0 0 ~|H, 0 00 0
A=1| o 0 2 0 0f, AA=|0 0 00 0],
0 0 0 4 0 0 0 00 0
0 0 0 0 1 0 0 0 0 ¢
Y+ % 4k + 2, 8+ % 0 ~8+ Zis
0 (4k + 2%,)0;, 0 (24k + Z54)6/, 0
A=| -8+ 2, 0 2+ % 0 —16 + Z5s
0 (2 + Z52)0 0 (2 + Z54)0! 0
0 0 0 0 0
Difficulty: A can not be positive definite whatever you do!
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|deas from algebraic observations
o (1= %In(—7) + ¢* (where a > 0) and 7 = 7, we obtain the
following transformations: 9, = 0z + %8@ and 841 = O

1 1
09. - 0 1 . -
A aTU+A% (aA” + AT on U A%AU+F(U).

7 o 1+ aU
\14+aU %oz

o A variable transformation 4 = /<" U (where 6 > 0), the derivative
transforms as follows: A%E)q U= e‘agl%%@glu—@e_ggl A%U.

1 e=0Cty( 1 o 1+ ae 0y
<e—951u : O 27 1 4 ae iy la Opt

g

=:B0 :B1
1 _ 1 —6C ¢ _ . :
1 af %~1 0 + abe 1 U—gq e egch(efeclil).
AT\ 0+ afe 4 1+ zad
)
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Remark

An intuitive idea to overcoming this difficulty is to solve a global existence
problem for a revised hyperbolic system and ensure that this revised
system is consistent with the main eq. (or its variant) within a sufficiently
large lens-shaped domain. Outside the lens-shaped domain, we have
considerable flexibility to modify the hyperbolic equation to align with the
Fuchsian formulations, allowing us to use the Fuchsian GIVP for the
revised system to achieve a global solution.
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Two revisions (geometric meanings)

(1) The second coordinate transform: the tilted coordinate
.~ k s Fi k ac’ i
T:T(7-7C):T and C:C(77C):7|n(_7)+g7

e Motivations: Expand the “null infinity” (not precisely) and upright a
timelike direction (close to null) to be the time axis. since our
analysis can only work in this “closed to null” domain.

o From the equation point of view, (1) generate more terms in LA’
and will help compensate 4 . —A to achieve the positive definiteness.

@ From the geometric point of view, they tilt the characteristic conoid
and expand the “near-null” domain.
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~ _ 153 ot
(2) rescale all the variables by spatial factors, e.g., u(C) := ope % e 51

and the variable, e.g., becomes

@ Motivation: Spatial factors like wiII separate a new singular
remainder term AiArema,nde,U from 4= LA9;U, and ATAremamderU
compensate 4~ L AU to obtain a positive definite singular lower order
term (consists with the Fuchsian).

@ Along the boundary of the char. cone, 7 ~ e~ gives decay factors.

o Defect: u ~ e 51" introduce infinities to the equation as (! — —oc.
Break the structures.

@ ldea to overcome: Revise the equation by cutoff function ¢ such that
the infinities vanish. However, the equation fails to equivalent to the
original equation due to the revision.

¢ € CO(Ri[0,1]), @l 5110 =1 and suppg C [-255 %, +00) C R.
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How to recover the solution of the original one?

@ To recover original solution, only use the lens-shaped domain

(determination domain, see Fig. to explain)
AT

Cut off the left side, it becomes a Fuchsian
. Lens-shaped dom. (Shaded)
7=0

1 T
¢ 3

<

Char. surface

weakly spacelike surf.

weakly spacelike surf.

(' =arctan —% 7=-1 ¢! = arctany

=

51
s
2
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The revised system becomes a Fuchsian system by
compactifying space

The third coordinate transform (compactifying the space)

?=7¢e[-1,0) and (' =arctan(7(') € (—g, g)

@ R"” becomes T", a closed manifold which is required by the Fuchsian
analysis.

o After this coordinate transform, we have Fuchsian formulation and can
derive the global existence and stability result for this revised system.

@ Using determination domain obtain the main theorem.
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Coord. line ¢! =0, 7 axis

C. Liu (HUST)
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Char. surface
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Thank you
for your attention!
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